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ANTONIO MORMORAl 


RAYNERIUS BONAVENTURA MARTINI*. 


• V ;V».t 

l . I l 

, tvttq» ivM w v - v * • ■: - i 

v. ■> v. 

Y 'Wfcll U •. . * 

. '.■A .-•* v: ■ * •• • 

JttrtVUiV I 

Ux»\ j\Wv\'iy i.w\' < • • • . . ' ? 

Kf fupcrtonbus armis dtm 
Calculo dtfferenttaU par- 
tim collegeram , partim.. 
mecum ego meditatus fue- 
, < fuaque tuter adnjerjarta perpetuo relinquerem 
continueram , jao^ ipja per Je mbtl habeant chgnum 
<■' •••-.-.v.*:* fa/tfo 
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tanto boe litterarum splendore, £5* (ludiis bomimmZ 
non alienum , ea nunc repente in lucem publicis 
defer i pt a typis educere decrevi , tuoque nomine ^ 
Vl\ 1LLU ST%IS SIME confecrare. Cum enim 
Tibi femper maxime proprium fuerit , ac (tngulare 
non modo litteras colere , CS* fovere , fed , ex quo 
Ttbi CAESAR Academta Ttfana curam , modera- 
tionemque commijit , indujlriam in eo incredibilem^, 
ponere , ut bonejliffma quaque praclarijjimarum ar- 
tium ac litterarum (ludia promoverentur , £5* Aca- 
demia hac noflra in altiffmo felicitatis , dtgnita - 
tifque fafligio collocaretur , illud Academicis omni- 
bus ejje obnitendum videbam , ut T ibi aliqua ex 
parte placere poflent , tuaque optima voluntati ali- 
quo grati animi tejlimonio , ac fignifcatione refpon- 
dere . Me cum itaque fapenumero reputanti , quid’ 
T ibi poti/Jimum pro tua erga litteras , & littera- 
tos homines cantate rependerem , aut quid potius 
eniti pofem , quo (ludiofum animum , cupidumque^ 
rependendi ad memoriam omnem po feritatis decla- 
rarem , occurrit animo T ibi leve hoc munufculunL* 
confecrare , Teque proinde labori buic meo patronum 
adoptare • Quanquam non ejl profeffo munus , quod 
Tibi nunc defero y neque emm is ego fum , qui Ti- 
bi munera dare poffim 3 fed e[l tale auidpiam y quod 
, ■ debitionem 
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debitionem publice profitetur, quodque , litet mini- 
mum , e fi tamen aliquid , fi non ex commodo , CS* 
prafiantia , fed ex viribus , C5* molunt at e penfe- 
tur . Tu itaque , cur meur bic labor in publicam. * 
lucem proferatur, es in caufa ; Tuis ergo fe tue- 
bitur au f pictis , tuique nominis amplitudine , tuoque 
patrocinio non invidorum modo calumnias effugiet , 
jed ad aliquam etiam hominum famam , atque. * 
exifiimationem profluet . Nec mihi nunc efl animus 
tuas laudes Vl\ 1LLUST\ISS IME recen fe- 
re , qui fapientum pracepta non di&it perfequeris , 
fed faShs exprimis , & vita fanttitatc , quem* 
natura ipfa finxit ad virtutem , quem honorum cu- 
mulus non extulit ad faflum , fed ad excellentiam 
virtutis traduxit , cujus mores integerrimi , fua- 
viffmique , & ad omnem humanitatis * rationem* 
temperati, cujus confilium , gravitas , pietas, reli- 
gio , aliaque harum admtnifira comit e f que virtutes 
omnium quotidie linguis pradicantur , C5* memoria - 
nunquam hominum dilabentur . Quid! quod fi td 
maxime conari velim , nullo modo qua de tuis vir- 
tutibus fe fe offerunt celebranda cogitatione afiequi 
pojfem , ne dum explicare dicendo . Satis fuperque* 
virtutes tuas exquifito quodam , ac plane fingulari 
genere laudum extollit recens honoris accefjio , tn* 

ijf 2 quem 
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quem mit ' ambitu , «of gratia ,• w» err«rr homi- 
num obrepftjli , fed probitatis t £ 5 * jnfliti* com- 
mendatione , atque ea, doBrtnt fama , « 0 «-* 

fx purtjjmts modo Sapientia fontibus baujifh , <w- 
fH»i ppc- praflarijf-na ctnjuetudtne , atque-», 

do&rwa T arentis tui Vtrt longe SanElijfimi , 
Sapient i fimi , lajW quidem inflitutis , atque fen- 
tentus Tibi a natura in/itum ingenii acumen ac 
robur judicii perfettum eximie cfl , £ 5 * mirandum 
plane in modum oipni occa/tone refplenduit . Sh<>4 
fuperejl , illud unum nunc Te magnopere oro , 
obfecro , ut laborem bunc qualemcumque meum 
i> dari , <*c ferena fronte excipias , £ 5 " obfern)an T 
tiam meam tua au&oritati , tuaque beneficentia 
debitam optatijjmo patrocinii tui honore profequans . 



AUCTO- 
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AUCTORIS PRAEFATIO, 

t : ■ - 

- i 


Cientia analyeica in duas par- 
tes dividitur, quarum altera_* 
elt analyfis quantitatum fini- 
tarum, five Car te (ia na , alte- 
ra, de qua nunc agimus, & 
quae perferam abfolucamque 
illius cognitionem deliderat, dicitur analylis quan- 
titatum infinite minimarum, quippe quae finita- 
rum quantitatum differentias infinite parvas , & 
hujufmodi differentiarum infinite minimas diffe» 
rentias, five quantitatum finitarum differentias 
fecundas, tertias, quartas, & ita deinceps fine-» 
limite fimul comparat, earumque differentia- 
rum relationes inveffigat, atque ex hifce rela- 
tionibus quantitatum finitarum relationes de- 
terminat . Prima hujufce methodi fundamenta 
.in operibus .nonnullorum vel ex ipfis veteribu9 
.Geometris praeluxere. Cum enim folis primae» 
i i geometriae 
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geometriae principiis inhaerentes ad quorundam 
problematum folutionem caligarent , atque-» 
adeo ad illa conficienda longe diflitis a commu- 
ni EUCLIDIS, & APOLLONII geometria viis 
efle opus intelligerent , novas fubinde methodos 
excogitarunt , quarum ope cognitiones fuas 
geometricas novis inventis cumularent, & pro* 
blemata altioris indaginis enodarent. Et quidem 
ingens ARCHIMEDES omnium primus poly* 
gona circulo, vel fe&ori infcripfit, & circum* 
fcripfit , donec Tegmenta circuli , vel fc&oris 
quocumque adfignabili plano minora fuperef- 
fent, videlicet donec ad infinitum numerum 
laterum , & quoad extenfionem infinite mini- 
morum polygona conftituentium deveniretur, 
unde ipfamec inferipta, vel circumfcripta po- 
lygona cum circulo, vel fe&ore tandem conve- 
nirent. Divini hujus Geometrae vefiigiis infifiens 
Etruriae noffrae decus immortale GALILAEUS 
circulos confideravit ut polygona ex lateribus 
re&is numero infinitis , & infinite parvis con- 
ftituta, unde PASCHALIUS fuas methodos deri- 
vavit, quibus & curvarum quadraturas, & foli- 
ditatem corporum ab iifdem genitorum inve- 
nit , perimetros curvas recbficavit , hoc eft ea- 
rum 
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rum longitudinem detexit, figurarum, & foli- 
dorum centra gravitatis , atque id genus alia 
longe plurima determinavit . Mirifice etiam_» 
Geometra acutilTimus CAVALLERIUS in- 
divifibilium methodo Geometriam exornavit > 
contemplatur autem vir fummus plana ac fu- 
perficies perinde ac fi ex lineis re&is numero 
infinitis coalefcerent, & folida perinde quafi ex 
planis reflis multitudine pariter infinitis con- 
flarentur, quam poflea methodum ad figuras 
planas curvilineas, & folida pariter curvilinea 
traducens celeberrimus TORRICELLILJS 1 
illas confideravic tanquam fi ex perimetris cur- 
vis, haec vero ex curvis fuperficiebus compo- 
ponerentur. Au&ores tantos fumma cum lau- 
de fecutus fubindeeft longe Clariffimus WAL - 1 
L I S I U S , & methodo ufus non valde abfi- » 
mili Cavallerianae methodo in curvilineorum 
quadraturas inquirere potuit, & alia proble- 
mata enodatu difficillima facili negotio refol- 
vere. Hujus autem praeflantiffimi Viri metho-* 
dus in eo tota verfatur. I. Quod feries nu-- 
merorum naturalium arithmeticae proportiona- 
lium a zero incipiens , five finita feries fit , si- 
ve infinita fit ad feriem totidem numerorum^ 
t ... i maximo 
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maximo aequalium ut i. 2. II. Quod feries’ 
quadratorum eorundem numerorum fit ad fe- 
riem totidem numerorum maximo aequalium^ 
ut 1. 3. III. Quod feries cuborum fit ad fe- v 
riem totidem numerorum maximo arquahunru, 
ut 1. 4. In quartis potellatibus ut 1. 5., ia ' 
quintis ut 1. 7. , & fic in infinitum . Genera- * 
les quoque regulas, & ad noltras propius ac- 
cedentes abflruliora problemata conficiendi acu- ' 
tifiimus F E R M A T I U S invenit , uc patet 
ex methodo, qua de maximis, & minimis qux- 
lfiones folvit , & tangentes ducit. Tum fecu- 
ti Viri plane egregii HUDDENIUS, 
HEURATIUS, & BARROVIUS, quo-' 
rum primus problemata de maximis, & mini-* 
nimis nova methodo pertraflavit , novam aU> 
ter commentus eft rationem, qua lineat curvae • 
in reflas commutari polhnt , hic vero novam 
iniit methodum tangentium ducendarum, quae 
ad nofiram calculi different lalis methodum,, 
maxime accedit . Verum enim vero longe haec 
omnia fuperavit incomparabilis L E I B N I - 
TIUS, fua methodo, quam calculum dif-- 
ferentialem nun.upavir , & eodem fere tem- 
pore immortalis NEWTONUS methodo 
^ * illa* 
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illa , quam fluxionum appellat , de quibus fu- 
pervacaneum hic eft aliquid proferre, quando- 
quidem calculum infinite minimorum fufcipi- 
mus exponendum. Haec autem methodus ana- 
lyticae artis complementum jure dici poteft , 
& tanquam faftigium. Multa hinc mathemati- 
ca, & Phifico- mathematica problemata, quae 
in vulgari geometria propter calculorum pe- 
ne dixerim infinitatem impervia erant, facilli- 
me refolvuntur , fcilicet problemata tangen- 
tium ad quaslibet curvas ducendarum, proble- 
mata maximorum, & minimorum, centrorum 
generalium , flexuum contrariorum , circulo- 
lum curvas ofculantium, curvarum catoptri- 
carum , & dioptricarum , de quibus in hifce-» 
infti.cutionibus agemus, problemata item qua- 
draturae curvarum , curvarumque perimetro- 
rum re&ificationis, nec non problema curvae 
catenariae, five funiculariae, in quam catena-, 
fufpenfa fe fe componit, curvae velarix, in_ 
quam vela vento tumida finuantur, curvae ela- 
fticae, quam laminae elaterum fc fe evolven- 
• tium aemulantur ? curvae ifochronae , per quam 
grave defeendens aequaliter aequali tempore ad 
datum pun&um accedit, curvae brachyflochrd- 


( x i i ) 

nae, five celerrimi defcenfus ex dato pun&o ad 
datum pun&um , regularum motuum qtcum- 
que vario celeritatis incremento, decremcntovo 
procedentium, virium centralium, centripeta- 
rum nempe , & centrifugarum , formae navis 
minimae refiftentiae inter omnes, quae in eodem 
fluido moventur, aliaque longe plurima, quae 
fine praefidio calculi diffcrentialis adhuc in DE- 
MOCRITI puteo latitarent. Ceterum inu. 
hoc opufculo prima tantummodo pars Leibni- 
tianae methodi continetur, quae quidem in eo 
fita eft, ut a quantitatibus finitis ad earum 
differentias infinite minimas defeendat, undo 
calculus differentialis appellatur. Altera vero 
pars, quae dicitur calculus integralis, quaequo 
in eo confiflit, ut a quantitatibus infinite mi- 
nimis ad earum tota, hoc eft ad quantitates 
finitas adfurgat , five earundem quantitatum», 
infinite minimarum fummas inveniat, alio ope- 
re exponetur. Denique Lc&orem benevolum», 
obfecro , ut fi quae fphalmata in haec feripta 
irrepfiflfe deprehenderit, ea perhumaniter corri- 
gat i Mihi enim nunc aliis ftudris diftri&o 
commodum non eft omnia rurfus attento ani- 
mo percurrere . 

ANA- 
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ANALYSEOS INFINITE PARVORUM 
ELEMENTA 

F A R S F R I M A 

‘DE CALCULO DIFFERENTIALI 
‘ SECTIO PRIMA 

CAT. I. 

DEFINITIO I. • 

1. Omine Calculi differentiati* intelligitur 

18 methodu*, qua differentialis, five infinite- 

? finia, vel infinite parva quantitas invc- 

^ niatur, ea nempe, quae ultra quofcumque 

limites decrefcere concipiatur» 

SCHOL. 

■ ' • i 

2 . Ut autem hujufmodi quantitatum infinitefima- 

rum ideam aliquam nobis effingamus, concipiamus rcftam T?tnr t # 
BC per axem AB curvae A Ce fibi femper parallelam <5* 
moveri, atque ita continuo crefcere, vel decrefcere, ut 
ad curvae perimetrum altera fui extremitate pertingat. 

Si itaque, du&a Ce axi A B parallela, imaginemur or- 
dinatam BC ad redtam be propiufquam concipi pof. 
fit acceffiffe, ita nempe, jam ut eidem congruat, ejuf- 
dem incrementum, vel decrementum e e erit differentia 
infinite parva ordinatae BC, arcus vero Ce differen- 
tia infinite parva curvae ACe, &B b differentia infi- 
nite parva axis AB; denique areola C Bbe differen- 
tia infinite parva areae ACB. Conflat enim jugi hoc 
acceffu ordinatae BC ad ordinatam be quantitates ce> 
b B, eC, CBit decrefcere in infinitum, ac tandem 
penitus evanefccre, ubi ordinatae ipfae BC, bt infer 
fe perfefte congruunt, adeoque prius infinitefimas fieri > 
feu infinit? parvas* 

A D E « 
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DEFINIT. II. 


3. Quantitates variabile t dicuntur illae, quae con- 
tinuo augeri poflunt, vel minui, & pcftrcmis Al- 
phabeti litteris defignantur, nimirum x, 7, », v &c. 
Conflantes vero dicuntur, quae ejufdero fcmper quanti- 
tatis perfcverant, dum aliae immutantur, fcilicet incre- 
mentum aliquod, vel decrementum fufcipiunr. Hujuf- 
modi autem quantitates conflantes primis Alphabeti 
litteris notantur , earumque differentia nulla tff , si- 
ve == o . Ita ex: gr: in Parabola Apolloniana A Ce* 
cujus axis AB, ordinata BC, parameter A P, erit 
AP quantitas conflans, quippe quae femper eadem per- 
feverat ad quodvis parabolae pundum referatur . Dia- 
meter vero AB, & ordinatae BC, if funt quantitates 
indeterminatae, & variabiles; nunc enim majores ffunt, 
nunc minores. 

HYPOTH. 

4. Differentiae infinite parvae quantitatum variabi- 
lium exprimantur per notam, fcu litteram </, qtiam.. 
Geometrae fere omnes receperunt Antefignano, ac Duce 
Cl.I-EIBNITlO qui juxta Germanos analysim hanc inve- 
nit, vel certe plurimum excoluit, atque perfecit. Nam 
cjufdem femina in EERMATIO, BARROVIO, SLUSIO» 
aliifque praeluxerunt. Hinc in parabola fi AB fir = x, 
B C y , arcus ACsz, erit B £ , vel Cc = //x» ce 

dy> & arculus infinite parvus Ce s= dz, & fic de 
reliquis differentiis. 

SCHOL. 

5. Angliae Geometrae vcftigiis ingredientes Celeber- 
rimi NEWTONI, cui laudem inventionis adferibunt, ad 
defignandas quantitatum differentias, quas ille fluxio- 
nes > five momentanea incrementa, aut decrementa ma- 
gnitudinum appellabat, punAuiis uri folent. Hinc iiu. 

fuperiori exemplo B b, vel Cc crx, ce ^ y, Cr s 

• 

z. Idem Vir Cl. calculum ditfcrcntialcm vocabat me- 
thodum Fluxionum . 

ro- 
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POSTULAT. 

6 . Quantitates duae differentia infinite minima a fe 
invicem difcrepantes pro aequalibus accipiantur: Enim- 
Vcro fi pro aequalibus habendae non forent, adfignari 
poflet ipfarum aliqua differentia ; Differentia igitur ca- 
rundem quantitatum non effet infinite minima, quod 
eft contra hypothcfim j falfum ergo quod accipi non 
poflint pro squalibus. 

COROLL. 

7. Hinc habetur , quod fi finitae cuilibet quantirati 

vel addatur, vel ab eadem detrahatur portio aliqua., 
ipfius infinite parva, illa ipfa quantitas ejufdcm men- 
furae per fe veret ; hinc x+-d x x — dx . Item_» 

quantitas y d x +-yd x +-dy d x , quae juxta vulgarem 
Analyfim eft differentia rcflang. : <y y ut infra offen- 
detur, eff =: y d x a: dy ; fiquidem quantitas dydx 
eft infinite parva relate ad ydx y & xdy y adeoqut> 
negligenda; Eft enim ad primani ut dy : y y ad fecun- 
dam vero ut d x : x ; quae dux rationes funt infini- 
tefimae; Et fic de reliquis. 

THEOREMA I. 

8. In qualibet curva ACe, cujus ordinat* BC,Fe 
fint infinite proximx, fubtenfa ang. contadfus, nempe 
refta F e inter tangentem curvae T C F , & portiunculam 
infinite parvam Ce intercepta eft infinite minor ipfa_» 
infinite parva ce inter portiunculam curvae Ce, & re- 
giam Ce axi AB parallelam intercepta. 

Dufla tangente verticis A G occurrente in D tan- 
genti TCF, & produfla eC axi parallela occurento 
tangenti ad verticem A G in punflo G, ponamus re- 
fiam DG in pumffo E ita fecari, ut fit GE : ED itt. 
ratione finiti ad infinitefirr.um,& jungatur EC, quae pro- 
dufla occurret ordinatae be in punflo a inter e, & e, 
erit ang. FC* infinite minimus ; quare punfla 4, & 
F funt infinite proxima , multoque magis punfla 4» 
& e, quae proinde coiocidunt inter fc, Eft autem GE: 

A 2 E D 



E D “ ca , vel ff : f F ; qliSre F e erit infinite 
minor ipfa infinite parva er, & ordinis ad hanc fupe- 
rioris . Quoniam ergo ec = dy, erit Fe bafis ang. 
contingenti® s= ddy. 

COROLL. r.' 

g. Hinc patet, quod nihil accrefcet ec per additio- 
nem ipfius et, fed adfumi poterit pro aequali ad ipfam eF. 

COROLL. II. 

10. Patet praeterea, quod duda fubtenfa arcui cur- 
vae Ce infinite parvo cum refla CF tangentis portiun- 
cula conveniet, quare ipfarum altera alterius loco acci- 
pi poterit. Ex demonftratis enim pundum F tangentis 
infinite proximum pundo C convenit cum pundo e cur- 
vae AC c. 

COROLL. III. 

11. Potiori jure fubtenfa ipfa pro portione curvae 
infinite parva Ce, & haec pro portione infinite parva-, 
tangentis CF poterit ufurpari, & curva quaelibet adfu- 
mi ut polygonum ex lateribus redis numero infinitis , & 
infinite parvis conditurum ; tangens vero curvae in quo- 
libet pundo erit produdio unius ex didis lateribus in- 
finite parvis. 

COROLL. IV. 

12. Hinc etiam colligitur quadrtlinea B bcC, 

B&eC, B6FC inrer fc convenire, adeoque pro aequa- 
libus haberi polle, urpote qua differentiis infinite parvis 
inter fe diferepant. , 

COROLL. V. 

j$. Eodem jure fi ex determinato pundo A ducan- 
tur fubtenfae AC, A e, erit fedor infinite parvus C A e 
pro triangulo redilineo computandus; fiquidem arcus 
Ce infinite parvus pro reda adfumi poteft. 

COROLL. VI. 

14. Condat denique redam e F, quae ed differentia 
fecunda ordinat® b r, exprimere digrelfum curv® a reda 
TC ungente curvam A C-e in pundo C. 
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. PROBI,. I. 

15. Quantitatum *,-•«— 7, & a- — y, fcilicet quanti- 
tatum per additionem, aut fubtraftionem compofita- 
turo differentias invenire. 

Quantitas variabilis x augetur differentia fua_. 
dx, & 7 differentia dy\ Ergo quoniam propofita quan- 
titas duas habere debet differentias, iifdemque augetur, 
fit x *+- d x *+- 7 +- d 7 , vel x+-dx — 7 — dy. Subduca- 
tur quantitati datae fimul cum ejus incremento minimo 
quantitas x-f-y, quaeritur enim differentia infinite par- 
va datae quantitatis, non quantitas ipfa , & ejufdem., 
fimul differentia: Quare erit x +- d x -*- y -*-d y — x — 
y zzd x-i-dy, vel x-h-d x — y — dy — x -+~y zzd x — dy. 

REGULA 


i(5. Hinc colligitur fumi differentias quantitatum per 
additionem, aut fubtrafiionem compotitarum , fi fuma- 
tur differentia Ungulorum terminorum propofitae quan- 
titatis, & eadem Tigna retineantur. 


PROBL. II. 

17. Quantitatis z, 3», nempe quantitatum fc fe mutuo 
multiplicantium differentias invenire. 

Quoniam quantitas variabilis z cumjfua differentia fit 
z+~dz t & variabilis y fit y+-dy, propofita quantitas abit in 
(z +- d z ) (7 -*-d y)—zy 4 -zdy y d z+- d yd z. Su- 

matur differentia inter hanc quantitatem, & propofi- 
tam zy, habebitur quantitas z d y 4-7 d z ■+- dy d z . 

Atque dydz eft quantitas infinite minima relate ad 
alias duas zdy-t-y dz , adeoque negligenda ( § 7 ) 
ergo differentia quantitatis zj eft zdy+-ydz. 

Aliter. Sit curva AHF, cujus axis AC, eique_y 
normaliter infiftat ordinata BH, quae ad arbitrium pro- , 
ducatur. Ex pun<fto A ducatur re<fta A E parallela re- 2 • 

flae BK, & per putnftum H extendatur rc<fta DHG 
axi AC parallela. Sit A B — z, quae augeatur quanti- 
tate infinite parva B b ~d z, fitque BHrAD =7, quae 
pariter augeatur quantitate infinite parva Df = Hr = dy, 

& ducan- 
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& ducantur reiftae bby ec parallelae reftis BH, DH« 
Eft quidem differentia areae ABHrrre&ang. Bbzzydz 9 
& differentia arcae A D H := reflang. Dczzzdy; Atqui 
aequales quantitates aequales habent differentias , ergo 
differentia reiftang. sj zBD~ ABH+-ADH eft zz 
ydz-*-z>dy\ prorfus ut fupra. 

REGULA. 

18. Unde conflat fumi differentias quantitatum fe f* 
mutuo multiplicantium, fi quantitatis cujufque varia- 
bilis differentia per alias tum conflantes, tum variabi- 
les multiplicetur , & eorundem produfiorum funima^. 
accipiatur. 

Itaque differentia quantitatis abxz eft abxdz, 
a b z d x . Item differentia quantitatis xyz eft 
yzd x-+-xzdy +-xydz, ■ , 

Demonflratur. Fiat xy—Vy erit xyz zz vz * 
adeoque d . x y z > zz d . vz zz v d % z dv» Sed 
dvzz xdy -t-ydx , ergo fubftitutis hifcc valoribus lo- 
co dv in prima differentia, & xy loco Vy erit d • 
xyzzzxydz-*-xzdy -\-yzdx. Et fic de ceteris. 

■ SCHOL. 

19. Num. 1. Obfervandum hic eft differentiam quan- 
titatis zy non femper effe zz z d y +- y d z , fcd quando- 
que terminorum alterum affici figno — , feu fieri nega- 
tivum. Profeflo fi crefcentc z quantitate infinite par- 
va dzy augeatur etiam y infinite parva quantitate^ 

_ djy erit differentia ipfius zyzz zdy -i-yd x t quod patet 
3 ' in reflang. ABCD, cujus differentia eft redang. in- 
finitefim. Bc+-redang. infinitefim. DE, negle&o re- 
ffang. CF urpote infinities minori; nimirum fi AB 
firm, Bbzzdzy AD=.y, Ddzz dy , erit differentia 
ydz +~zdyy negledia infinities minori quantitate dzd«. 

Num. 2. Sed fi re$ang. ABCDsaj infcribatir 
curvx VCO, produfla AB in by duflaque b F paral- 
4. lela ipfi BC, & completo retfang. A£FD, patet la- 
tus AD minui quantitate infinite parva dD zzdy t 

quare 


Digitized by Google 



7 

quare differentia rtf&ang. ABCD erit B6FE — DCE</, 
hoc eft ydz — zdj , & quidem fi reiftang. BF majus 
fit altero ^C,vel zdj—ydz fi re&ang. d C majus fit 
altero BF. 

COROLL. 


20. Quoniam vero y Z — yy, erit d. y 1 rj d . y y ss 
ydy-*-ydyzz tydy (§ 18) Item quoniam =: 
y yy erit d.y% zzd.yyy s= y Z d y y 2 dy -t-y 1 dy 
= 3y z </y. 

REGULA . 


2i. Hinc eruitur fumi differentiam cujufcumquo 
poteftatis perfe6be» ad quam quantitates variabiles eve- 
funt, fi fumatur fa$um ex exponente poteftatis 
hujufce in quantitatem ipfam ad eandem potcftatem eve- 
<51 a m demra unitate» & per differentiam quantitatis il- 
lius variabilis multiplicetur. 

Quare d .y m ~ my m 1 d y y & d.x m ~~ n :r 

( m «— n ) x m . Demum d (a— *x) ” 2= — « 

( a — .x ) B 1 </x. Demonftratur poftrcroum. 

Fiat «-xr ss» erit (a— .x)” Er a”, quaro 
(a— x) u zsd.z “ = »**““ 1 Loco <z> 8 c dz 

fubftituantur eorum valores, erit « [a— x] 1 . — <fx, 
hoc eft — » [a— »x] tt 1 dx — d (a — x) " . 

Pari ratione invenietur [«y-xxf » fi fiat 
*y — .xxsz; erit enim [ay— .xx]^ =3 zP ; Quare 
(dy— xx/ szd.z^ et qz^“~ l dz» Loco a , & 
fufficiantur eorum valores , erit 7 [ay — xxf 1 
( 4 ^y — ixrfx) =3 d («y— . 

Item 
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Item invenietur differentia quantitatis ay m *~ ” 
-+- x m ( a +- x ) n . Fiat enim a +- xz:z erit (4+-x) ” * 
sr z n , ergo data quantitas migrabit in a y m n 
4- x m z n i Sed quantitatis hujufce differentia efl 

«y </y+-ms x d x +- 

nx m z l r </z; hinc fi loco Zy Sc dz fufficiantur 
eorum valores, erit (»i+-n) a y dy+-nx 

[ 4 -i— x ]” 1 d x -t-mx m 1 <Zx [tf -t-x] B differen- 

tia propofitx quantitatis . 

Non abfimili ratione invenientur differenti» ferie- 
rum , quas una tantum variabilis ingreditur. Sit ex: gr: 
invenienda differentia ,feriei y m [a+-b y” -t- f y W +- 
/y 3 "-+_&c.]^ . Fiat4+-iy tt -f-c y 4- ” ■+- /y^” &c. 

~ z, erit [ <r 4- b y” H— c y Zn -j- &c. ] ^ 

e= z ? , & y w (a +- b y” -+- c y 2 "+-fy^ n -t- &c- 
s y W , cujus differentia eft »« y w 1 dy+~ 
qy m z^~" 1 dzy five wy w 1 z . z* "~ l d y +- qy d z. 
-y z 1 y hoc efl [mzdy +- yy rfs ] y 

Fiant neceifarix fubftitutiones , eritquo 

f wi 4 -»— w&y” +-»iry 2M -t-m f y^”+-&c.l m ~i 7-1 . 

r w 2» 2 h 1 y «y 

i - 4 -tiqby -\-znqcy -i-yiqfy* 4 -&C. J , 
l 4 

quxfita differentia. 

* - . * 1 > 

Eodem plane modo invenietur differentia plurium 

ferierum fe fe invicem multiplicantium» ut patet, 
r LEMMA T. 
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LEMMA !. 

22 . . Fraftio— eft zzx~' H , 
n 

, ..i •. .... (9t - ■- ’<* 

Conflet ex Algcbra Finitorum- 


c 9 


x m ~ x n ~ n 


• m • — i t 

Ergo fi «c», erit x s x ; numerator enim aequg- 

» 

x . 

Iis cfl denominator! * & x m ” r: x » hinc rrrx 0 ’ 

.. , m O o — n 

.quare fi m ponatur so, erit x =r x =:i=:x 


n m n 

xxx 


— x 


M* 


LEMMA II. 

i 


Qnantiras Vx cfl =3 x 2 . 


i i 

2 * ~ 2 * 


Nam Vx . Vx=s x; praeterea x~ x. x ; Ergo 

I 2 . 

Vx.Vx = x 2 . x 2 : Qoarc fi tota inter fc aequalia— 
per- eorundem dimidia dividantur, erant quoti inter fo 

iii 

aequales .-Sed Vx.VxssYx, & x 2 . x 2 =3x 2 ., ergo 


Vx 


i 

» ■ « 

.a 


Vx srx 2 . i 

‘ • • 3 2 

Eodcmqne modo demonflrabUur Vxj=: x * , 


x^ as x 5 , 


» 


m 


& generatim Vx“s x**. 


CO- 
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COROLL. 


- n 

— I 


Quoniam vero x m — — & x m ~ V x , 


ierit — -se 


* PROBL. III. 

2J. Quantitatum radicalitim differentias invenire. 

I. Invenienda fit differentia V -*-y 2 +-x 2 )» 
Fiat haec quantitas radicalis — z, erit xy +-y 2 -t- x Z 

ergo ydx4-xdy-*-iydy-^ixdx ~ dz • hoc cft 
iz 

fi loco • * Tufficiatur ejus valor 
ydx-i-xdy-i-zydy-t-zxd *= : dz» 

1 V ( xy^-y 2 -t-x 2 ) S. \ 

II. Invenienda fit differentia V (ayrt-y 2 ) .. 

Fiat haec =: z,erit *y-*-y 2 = z 3 , &ady+- 2 ydy 

= 3 2,2 ^ z > * dy-t-zy dy ~ dz, five 4 i/ y4-2 <y </ ■» ~ dz. 

.1** ~ 
lV(ay-*-y z ) 2 

III. Sumenda fit differentia V [ a y j 2 , 

V JJ. Ponatur haec quantitas 3 a, erit 

J 2 J -* 2 ^ ergo ady 

2 ydy-i-by Z dx+- zb*ydy~ zzdz (iww.i.) , & 

* / 4 " * * * I , y 

zV[b % -t-bxy 2 J 


Digitize 
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a Ay+~zy dy 4 r-by 2 d x -t-* zb x y J y ~ i %, 9 fiv&> 
i z , i \ [b ^ +-b xy 2 J 

*Ay+~iydy +- . 

2V(ay+-y Z -i-V (bl +~bxy Z )) 

by 2 A x +- 2 b x y A y » '• ■■■' a^ 

Z Y t*y+.y Z V[b* +-bxy z )]zV [b* -t-bxy*} 

n tr 

IV, Sit invenienda differentia Vas. Fiat Vz~j, 
erit z~y n y d z.~ ny tmm ’ I dy 9 d % =: dy 9 five 

n — i 

»y 

n n n 

ydz~ dy 9 hoc ef \ dz Vzs dy. Sed V zsV z s= 


«Vs 


; Ergo d z tzdy. 


< : - COR OLE. 

• * ' •• i •' i 

n — — 

i( 5 » Quoniam vero V *=3 % w ( § 23) erit d ,z n 

n 

~d>Vz 9 nerape ss dz j Quod fic ulterius 

» 

nVz tt ““ 2 


demonflrari poteff. Fiat z n z:y 9 erit zzz y , </z.p= 
B z 
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n /~~ l d j> , dz a dy, ftv c ydz =i dy, Fiant oppor- 

» — t « „ . 

ny \ ' < «Jf 

it 

tunae fubftitutiones, erit iiV z." hoc c ft d z zs 
' ' nVz n «V* , ~' x 


m 


w 


</j, ut ante* 

V. Invenienda fit difTercntia V y” . Fiat Vj” =3 
erit y n zz z. w , ny n l dy — mz m 1 d z t & 
jjy” 1 dyzzdz y fi ve wsy” y ~ d z > hoc cft 


m z 


mj — i 


m z 


m 


n — I 


m 


«y w Vy Vy“ zz dz y vel ny m d y zz d z > five de- 

n m ... 

wy - 

n—m 

mum ny m dyzzdz. 

m -COROLL. 

n n 


JfJ rn 

^ \i n — m j w » ,, » 

27. Cum autem Vy =y*,j eritrf.y zzd.Vy , 

quod demonftratur ut fupra. 

7 . . . • - PROBL* IV. 

28. Quantitatum fe fc mutuo dividentium differen- 
‘ • •••’*' tias invenire . 

I. Sumenda fit differentia quantitatis at. Ponatur 

y 

xzz z y erit xS y *> dxzzy dz-¥-zdy t & dx — zd y 

-y , . • * > 

s: y * * 


m 
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, M 

=3 y dz , dx —zd y =3 hoc eft d x—,xdy — d z , 


fiv e ydx — xdy~ dz, 

yy 


y y 


Aliter « Nara xs x y - " 1 • Sed d , x y*"" 1 =3 y 1 

7 ‘ ' 

1 d y 33 d x — x d y 33 ydx—-xdy i 

y 


dx — x y 
Ergo patet propofitum 


y y y y 

ia ^ - 1 “ 2 


II* Accipienda fit differentia V (ay+-y )• Fiat 


V (xy-Ky 2 ) 


\/(ay+-y z )~z, & V[xy+-y z ] =3 ® ; erit 


i, _ 


* 


( ay -f-y 2 ) 3=z. , & d V [ay -t-yy] sz vd z — zdv. 

v (xy+-y 2 ) * v (*y-*-'yy) “ ^ 

Reftituantur in locum v , & z. eorundem valores, erit 

V(^y4-y 2 )^a — Vfay-»-y 2 3^t/ r3 vdz — zdv, 

. xy+-y 2 <r/ 2 

Sed d z d y -t- l y d y , & d v z 3 


3 


3 


V (ay 


yy) 


xdy+-yd x+- ly dy\ Quare fi loco d z , & fuf- 
2 V (xy -+-yyj . 

ficiantur eorum valores nunc inventi , erit 
V (xy-4-*yy)(a</y4-2y</y) — 

; (xy-Kyy )3 V(xy +-yy) 2 ; 


Dlgitized by GoogI 


Oy+-yy)*V(xy.-f-.yy) 

v d z — zdvy quae eft differentia fratfionis z , fivt-r 
v v v 

? 

V (a y+-yy) . Conflat ergo propofitum. 
V(xy+-yy) 

T 

III. Sumenda fit differentia quantitatis — =: y"“ wr . 

m 

y • 

i 

Ponatur— =3 erit i=i z y w , o~ y M </z,+-mzy w ““ I 
w 


/fy, hoc cfl — ;«ay 1 dyss y m dx li & <—mzy m V y 


«» 


=3 flve — fff y w/ 1 y~ </25 » vel demura — 

2 m 

y 

« y”“ w “ I dyzi d z m. 

IV. Sit invenienda differentia fa-j-yj w . Sic 

( b +-y f 

g -*~y= a » quare (* +- y ) w 

i-f-y v 


i-H-y ]” z/” [£-«-y) w 

~ wp" z m ~~ I d z — nz m v n ~’ 1 dv 9 hoc ctt 

foffeflis valoribus quaqtitatum , v*"* dv y z m ~* l 9 
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3 * 1 Jy-n(a+-y) m (b +-yf~ l dy 


[b^y] Zn 

nempe inflituta divifionc per ( /» h — y ' 1 :=: 

m ^ 4 ~y3[g-*-y f‘~ d y . 

, , »— X 

f b ■+■* y J 

V • Sit fumenda differentia quantitatis 

1 _ i »i 

= y m • Fiat — ts z , erit ict Vy” , ergo i ts 
w m 

Vy” Vy" 

y”> o =« y n xT~ l dz-t-»z m y n ~ 'dy , - 
nz m y ”~" 1 dy ~d z , hoc eft — » y~~ 1 </y s •— 

my tt z m ~~ 1 «Vy" 

n d y zz — n dy, 

m m 

m yVy" « V y" WI 

REGULA 

29. Unde conflat fumi differentias quantitatum fc fc 
dividentium, vel fra&ionum, fi differentia numeratoris 
in denominatorem dufta fubtrahatur . Ex differentia dc- 
nominatoris per denominatorem multiplicata, & refiduum 
per quadratum denominatoris dividatur. 


CAP. 



1 6 


C A P. II. « • 

Dc ufu Calculi difTercntialis in Tangentibus 
normalibus, & afymptotis Curvarum 
determinandis. 

DEFINITIO III. 

30. ' | ' Angent Curvae dicitur refla TM, quae itaL» 

J. tangit quemvis curvae arcum AM in M, ut 
nulla refla duci poflit per M inter rcftam T M, & arcum 
AM, vd intra angulum cciitaflus A M T ab iifdem_. 
effornucum . 

COROLL. 

31. Si produfla refla TM in C fit MC tangens av- 
. C. cus MG, quae cft continuatio ipfius MA, tunc arcus AMG 

habet contiouam curvaturam in M . 

DEFINIT. IV. 

32. Coordinatee vocantur dux indeterminatx datae na- 
turx, ex quarum politione data Cingula quxfitae fineae 
punfla fufficienter determinantur. 

PROBL. V. 

33. Invenire valorem fubtangentis in qualibet curva 
algcbraica in quovis Coordinatarum angulo. 

Sit curva A M r, cujus abfeiffa A P dicatur x, ordinata 
PMy,quxritur ejus tangens MT, vel fubtangens PT. 
Tntelligatur refla pr ctotta infinite proxima alteri M P, 
& ex punflo M agatur M R parallela diametro A P fe- 
cans pr in R . Erit Ppzrrfx, Krs dy. Cum autem 
triang. M Rr non differat a reflilinco, fiquidem ar- 
culus M r infinite parvus pro refla adfumi poteft, triang. 
T P M , M R r erunt fimiJia , quare rR : RM = MP: 
PT, d y: dx =; y : y dxzs, fubtangenti curvx, qux cum 

<fy 

gentratim accepta fuerit, generatim etiam ejufdem in- 
venta fuit fubtangens. Verum fi ex data curvx xqua- 
tioae in formula generali vdx vaior ipfius dx fubfti- 
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ruatur, quantitates infinite parvar, feu differentia les 
evanefccnt, & fubtangentis,adeoque & tangentis valor io 
quantitatibus finitis, & communibus obtinebitur» 

COROLL. I. 


34. Quoniam «quatio ad parabolam Apollonianam 
cft yyzzax, erit fumtis differentiis, lydyzzadx , & 
lydy zzd x; quare fi in formula fubtangcntls generali 
a 

loco i x fubftituatur ejus valor ly dy j erit fubtangens 

a 

PTs tyydy ~ lyy =3 2 «3 zx. 
ady a a 

COROLL. IT. 


3$. Aquatio ad parabolas cujufcumque gradus eft 


»»-*—«_ m n 
\ —a 

m n— 1 

M ft SA 


. •*» » w W ™ n — \ #71 /I™ 1 ! * 

y ~ a x i erit ergo dy 


m n — 1 , „ - x r 

zstta x d x , & (« 4- «) j 




dytzdx -, qua- 


m n — • 1 
na x 


re fubtangens jr x sr(M4-n)jf W2+ " w — ( w -t— n ) x. 

m rt—i n 

J na x 

Hinc fi 2 , « =3 1, erit fubtangens parabolae cubic* 

ss 3 x ; si vero m =3 1 , m =: 2 , erit fubtangens — x . 

2 

Et fic de ceteris . 

COROLL. III. 

3 6 . Ad hyperbolas cujufcumque gradus aequatio cft 

„go (■+.,) ./«-*- 1 

afjs: «( 44 -x) M bx m ‘~ I Jx+-*bx m ( a +• x ) n ~~ t d x ; 

C hinc 



I* 

tilnc jr d x ~ 




(m- f- n ) a j w4 ~” 

w (rf-+-x) w bx mmml +-,j b x m [rf-H-xj n 1 


(m 


tt) b x m ( a 


*y 


« & X * (a+-x ) n - 1 

[ »M- « ) [u-(-xx ] . SI « i , « S i , Crit ydxzz 
* < H — w x H — n x . ^ 

2 [«x-t- xx] , quae cft-fubtangens ad hyperbolam qua- 
draticaro . Et de ceteris . 

COROLL. IV. 

37. Eadem ferme ratione ex data xquationo 
0j m z;bx m («—x ) M ad Ellipfes cujpfcunjque gra- 

dus invenietur earundem fubtangens =: {/»-*-«] (j'x+~x Z ) 

• i . - . k ma — mx — ttx 

— • COROLL. V. • 

1 — .« 

Sit xquatio ad hyperbolas afymptoticas cujusiibet 
grados : a m *-"=« * j ” , «It o- my ' x m ~'d x 

<7=»j’ x”— 1 Z*. 

nempe — » x "V J ~ r Zj — d x , hinc yd x ~ 

_ym" x ’"~' TT 

W W T - * * ' ■ 

~ » ,7 a — *x- 

x“— 1 * V“ 

Patet. aytem e% hoc valSre fubtangentis negativo 
fu b tangentem ipfam in partem averfam originis abfeif- 
'fe fumendarn cfie. Hunc vero valorem fieri negativum 

ulterius 
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ulterius condat, Enimvero differentia ipfiusx m j” 

erat my tt x m - 1 dx^Hx m 'y tt - l Jy i Crefcento 
fjquideni x dccrefcit y . [§. ig.num, 2.] 

COROLL. VI. 

38. Sit aequatio ccx zz yy ad curvam, quae adduci- 
a+-x . > 

tur a CI: GUIDONE GRANDIO prop. 85. de 
Rcfiftenria Solidorum velut hyperbola fecundi, generis 
ab immortali NEWTONO indicata , erit zydyzz 
accdxy & lyydyzz accydx y hoc eft ydxzz • 

( (H-x ) l ^ y 

iyy [ a +- x ] 2 zz 2 tcx f a x- ] 2 z z2ax+-2xx, 
ac z ac 1 (a -t-x) a 


COROLL. VII. 

** ». 

39. Item inveniri poterit fubtangens in curva_» 
E DF, in qua femper inclinatis AD, CD, demiflaque 
normali DB fit femper DC 2 =: reflang: A,DB. 
Pofita enim reaa AC zza y CB^x, DBs y erit 

4 

ejufdcm aequatio yyzz 1 ___, vel a a yy~ 

aa—- 2 ax~-xx 

2 a x yy — x xy y~ x 4 > quare 2 a aydy—^a x y dy — 
2 xxyd yzz qx^ dx-t- 2*yyd x*- 2yy xdx > hinc 

ydx zz a a yy — 2 a xy y — x x yy — . 

2 x* -t-ayy+-yyx 2 x* -*-ayy-*-yyx 


Fig. 6. 


C 2 


co. 
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COROLL. VIII. 

40. Si fuerit equario ad verforiam AGH genitam., 
a fcmicirculo A C B per ramos B C F ad tangentem 
ufque AF protenfos, & reflam FG, que ducatur axi 

/•AB parallela, «St occurrat ordinat* DC produft* in 
G» qu* «quatio, pofira AB = «, AD = *, DGa y, 
efts yy ~ aax, ut patet; cft enim AB: AF=: DGs 

a — x 

BD:DC=DC:DA; vel jsaVx, pofita z; 

~VJ 

erit dy a azdx — a xdz^& ydzzz izxdx; 

lzVxz dy~ zdx—xdz, 

fed dz~ — rfx, ergo in valore fubtangentis pofiro ■— 
dx loco dzy erit ydx a az>x; atqui sta a— -x, qua* 
~dy z h — x 

re y iis ix(« — x ) a DT. 
d y a 

Ubi punflum G cadit in vertice A, quoniam tunc 
« — x c 41 Bct fubtangens a z x . 

COROLL. IX. 

41. Si fuerit CifTois B E , cujus circulus genitor 
0 AMB; cum Iit DB J :DB Z = ED: DM=BD:DA, 

erit , pofira DE=y, CA=«» DB=x,y 2 -; x 2 
a x : 2 a — x , unde fiet «quatio x ^ a 2 a y y— x y y ; 
erit igitur jxx«/x a qa y d y — . 2 xy y ~ y y «/ x , fi ve 
' j^aydy— 2xy«/y a«fx, quo fuffeflo in valore fub- 
3 xx+-y y 

tangentis y«^x, fiet fubtangensa 4/» y y — 2xyv. Po- 
dy jxx-t-yy 

natur etiam D M a v, erit xx a vy, quare fubran- 

gens 
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gens a 4<y ~ **Y» hoc eft ut BD-4-gDM: EDs 
3 t/ +-y 

dupla AD: D/ fubtangcntcm , five ut BD+-J DA: 
DBs dupla DA : D*» & alternando BD-kjDA: 

*DAsDB : D/, veli BD+- —DA , hocefti BD 

2 2 2 


-^^-DA-t-i D A, five - BA-+-DA : DA = DB: Df» 

pofitaque ATsas-BA, erit TD : D A s B D : Dr, 

& TD:= B D A = DM l ; hinc junfla T M , faflogue 
ang. reflo TM / determinabitur fubtangens Df. 

bi ordinata DE tranfeat per centrum circuli» ita ut pun* 
Aa C» r coincjdant , erit ut T D dupla DA, ita DB 


dupla Df, funt enim proportionales, & D/s=~ radii. 

2 


PROBL. VI. 


42. Tnvenire fubtangcntcm in Conchoide NICOMEDIS. 

Fflo Conchois AT E, cujus polus P, regula BF,& 
conflans B A , vel HT; quaeritur curvae tangens ad 
punflum T . Ducatur P bt infinite proxima ipfi PT, 
& centro P intervallis P F, Pr deferibantur arculi ho t 
t r, qui ob indefinitam parvitatem fuam congruent 
normalibus bo t tr ex pun&is b, & r in PT demiffis, 
creflaquc PK normali ad P T, ponatur dufla tangens 
TK occurrens in K retflae PK .Sit AB = HT=:<r, 
P B ~ b, P H ~ y, BHrsx, erit Ho = TP =3 
* +-y , proindeque Trs d y . Jam vero triang: H B P, 
H b 0 funt fimilia , ergo H B : BP = Ho : oA, x : i 
dy:bdy. Praeterea ob fimilitud. triang. Pob,Prt 


Fig. 9 . 


x 

cft Pb iPtzzbo :tr t y: a-i-yzzbd y:*bdy+-bydy, 

“* r 


Denique 
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Denique ob firailrtud. trrang. Tr«,TPK efl Tr:.r* 
=: T P : P K » dy:abdy+-bydy zz a 4 - y : 

axbdy+-iabydy+-byydyz:h[a+-y] 1 i Qux 

I ' XV dy , , x y . ■ ; J . 

efl quxfita fubtangens. 

MONITUM. ' 

V 

4^.' Hujufmodi methodum ducendi tangentem ad 
Conchoidem, qux methodus, ut patet, ab aequatione 
curvae minime profluit, & qua in curvis aliis uti pof- 
fumus, ideo attulimus, ut conflet, quomodo ducenda 
fit tangens in curvis iliis, in quibus ob xquatienem nr- 
mis prolixam moleftior, & implcxior calculus evafiifet, 
& fubtangens prodii Jiet inclegantior. 

P R O B L. VII. 

44. Sit refla AB, qux dividatur bifariam in porr- 
flo C, ciquc in punftis C, A normaliter infiftant rtflae- 
F ADE, Q.CHO; Ex punflo B duflis reflis BHD, 
BOE, qux feccnt reflas A E, CO fiat HK= H C, iten;- 
que HK = ipfi HC, & dufla pariter refla BRF,fiat 
R Qj= QC , nec non Qr — eidem reflx QC , & fic 
femper, deferibetur curva KCrBkCR, cujus quxri- 
tur tangens. 

Hujufmodi curvam fummus Geometra TORRI- 
C E L L I U S vccat Pteroidem . 

Ponatur quxfita tangens KT, & ex punflo B extenda- 
tur refla T B / normalis ipfi B K, qux concurrar cum tan- 
gente, duflaque refla BL infinite proxima reflx BK, centro 
_ B intervallis BK, B H deferibantur arcnli infinite par- 
* O* vi KM, HN. Ducantur prxterea ordinatx KG, k,g 
normales reflx B A , & ponantur BC = 4, CH =: 
x, BK = y, erit HO=^x, M L =z d y , & 

£ 0 =; V[<* 2 +-x 2 J.Et quoniam fimilia funt triang: 

B CO , 
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BCO, ONH, erit BO : BC = HO : J^N, 
\ [a a -*-xx) : a ~ dx : a d x ~ HN. Item ob liiiii- 

V[««-*-xxJ 

lirud. triang. HBN, KBM erit HB:BKsHNi 
K M, V(* a +-xx) : y =s a d x : h y d x =: K.M.' 


V[rf 2 +-x 2 J a 2 +- x z 

Denique ob fimil. triang. K LM, TLB eft LM : MK 
~LB : L T , d y : a y d x a y : a y y d x s BT. 


2 


*t— X 


[aa-h-xx]dy 


Eft autem V(a « 4- x x) =: y +r x , & x d x=s dy 

V[aa- f-xxj 

— x in majori, vel =: d x — // v in minori; dum_, 
enim crefcit C H=HK fit minor ipfa Bk, quare ejus 
differentia d y minuitur crefccnte d x. Hinc dy — dx 
± 7 X d x = d x V [gg. f- x x ] ±* x </x . Sed y = 

V (a a +- XX ) ±-x; quare d y - y d x, & dx 

(Vaa+~xx) 

a d y V ( a a +-x x ) , Nunc fi in B T - <r y y rf x 
y . {au-+~xxjdy 

loco d x fu fficiatur valor d yV [ a a +-xx) fiet 


a y y dx = ayy»/y V(g j4-xx) =: a y 

[aa-t-xx]dx ydy(aa-t-xx) 7 V[aa-+^j 

= BT, qua: eft quaefita fubtangens . 

Quoniam vero HB: BC =; KB: GB, 

V [a 2 -t- x 2 J : a ssy ; a y , erit B G =BT; 
• • .• . V(<nr-»-xx) 

hinc fi BTT normalis ad BK fiat — B G, & jungantur 

punfla 



punfla T, K, erit TK tangens curvae , idemque prae- 
ftandum in parte cjufdcm curvae inferiori • 

PROBL. VIII. 

45. Sit ang. reflus B AC, & latu* A B fit indefi- 
nite produflum. Ex punflo fixo C funito in latero 

II AC duflis CE, CB utcumque inclinatis ad latus 
* 1 1 * A B» fiat C F ss A E, CHs AB, & fic femper, 
quaeritur tangens curvae per punfla fic inventa., 
tranfeuntis . 

Fiant infinite proximae CE» CB, & ex punflo 
fixo C tanquam centro intervallis CE, CF deferiban- 
tur arculi infinite parvi EG, E D, pofitaqup in pun- 
flo C refla CT normali ad C B quae occurret tangen- 
ti quaefitae in punfto T, dicatur AC = a, A E 3 
CF= z, erit B C = V [44 +-n] hinc B G s zdz ; , 

V(aa+-zz) 

Cum autem fimilia fint triang. BGE, BAC, iremque 
£CF, FCD, erit B A : AC = BG ; GE, z : a =s 
zdz : adz =3 GE, & EC i CF 33 

Vl44 4-*s j V(aa-*-zz) 

EG : FD, V (« 2 4- a 2 ) : adz ; azdz 

\ [aa+- zz aa*-zz 
s FD* Denique ob fimilitud. triang. HDF, FCT eft 
HD : DF =: FC : CT , dz : azd z =3 z : 

a a +- z z 

azzdz s azz , qui eft valor fubtan- 

dz[aa 4- zzj aa-t-zz 
gentis C T . 

SCHO L. 

4 6. Facile autem determinatur hujus curvae fubtan- 
gens ex cjufdcm aequatione : Eft enim, pofita CA=; 
4, CM= L F = x, MF =: CL = J , CF zs *, 44 xx 

53 y ^ 4- xxyy j quare MPa yrfx a *y ^ 4 - xxyy, 

d y 44 j — yyx 

uve 
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five loco a x pofita y z , MPs 2 y 5 -t-xxy . 

x a — y x 

PROBL. IX. 

47. Sit quaevis cyrva ABC, cujus nota fit tangens 
in quolibet pumflo C , ex eaque fiat alia curva A F G, 
cujus ordinatae DF, EG finr femper aequales rcfpedi- 
ve fubtenfis AB, AC, quaeritur tangens hujufniodi 
curvae A FG . 

Sint AB, AC infinite proximae, & ex punflo 
A eiefta ad C A normalis A H conveniat cum tangen- 
te C A in punfto H, deferiptoque arculo BI centro 
A intervallo AB, & duftisBK, HS ipfi A E paral- 
lelis dicatur AC n E G — y , AD c x AH ss z, erit- 
que DE= B K = FM = dx , Cl ~ GM ~ rfy. Et 
quoniam fimilia funt triang. HSC, BKC eft HS: 
BK=HC:CB=HA: BI [ob fimilitud. triang. 
H C A , B C I J quare permutando erit HS:HAerBK; 
B I , nempe z, : v = d x : v d x =; B I . Sed A C : C I ss 


as 

A H : B I , & rurfus permutando AC; A H =2 C I : B f, 
quare y : v zs d j : v d y ;= BI. Hinc v dx = v d y , 

y • .* y 

adeoque dxzs vzdy s= zdy . Suffcfto igitur in for- 
vy y 

mula fubtangentis generali y d x loco dx ejus valoro 

d y 

zdy , erit quaefita fubtangens ET zzyzdyzsz, Sed 

y y J .y 

as=:HS, ergo du<Sa HT parallela DB, erit ET 
quaefita fubtangens . 

Aliter du< 5 la HT parallela ordinatae DF, erit 
DT fubtangens curvae AFG, nempe ydx. Nam eft 

i y 

CA : C I =: AH : B I , y : dy~v:vdy t & BI: 

T 

D AH 


Fig. 1 2 . 
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A H = B C : H C = B K : H S , adeoque B I ; A H 
B K : H S , nempe v dy : v — d x : v y d x r: y d x . 


y 

COROLL. 


vdy dy 


48. Patet autem, quod pro varietate affunitae cur- 
va ABC alia, atque alia curva AFG fpecies orie- 
tur; Et quidem fi curva genitrix ABC fuerit arcus 
circuli, curva genita erit parabola; si curva genitrix 
fuerit parabola, hyperbola, ve! Ellipfis circa majorem 
axem, curva genita fiet hyperbola aequilatera ; Et Gc 
de ceteris . 

Antecedens problema aliter rurfus ad abundan- 
tiorem fcientiam enodare. 

4 9. Sint AB, AC infinite proximae, & arculus B T. 
Ex vertice A agatur indefinita A V P , normalis axi 
A D , & ex punflo R , in quo cognita prioris curvae 
tangens concurrit cum refla A V P demittantur R O 
normalis ad AC, & RQ_ normalis ad EC, & cetera ut 
fupra . Sit autem RO = ■», OC = r,, quaefita vero 
tangens ponatur F r, quae ut determinetur, patet quod 
dufta GP parallela axi AD concurrente in P cum_. 
indefinita AP, inveniri debeat valer fubtangentis P/ . Eft 
autem R Qj RO c: B K : B I , x : v ~ d x : v d x zz 

x 

B I . Praeterea eft RO: OC- B I : I C , v: z — vix: 


x 

zdx £= dy ; hinc xdy sr z. Denique eft GN : FN 
x d x 

^ G P : Vt t dx:dy~x:xdyzz is Pf s OC. 

d x 

COROLL. I. 

50. Ex hujufce problematis folutione alia conftat 
mcthoduS, qua curvarum tangentes determinari pof- 
j 2 fint . Sint iraque in qualibet curva Atr infinite pro- 
J ximae P/, /r, & /R parallela axi A P, atque ex 
punflo A , quod eft vertex curvs agatur indefinita^ 

AID 
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AID parallela ordinatis, quam fecet tangens /T iru. 
punflo I. Ex punflo r erigatur refla rD paral(ela_. 
eidem axi A P, quae occurrat rcftae A D in punflo D. 
Patet inveniendum eflfe valorem reflx DI, quam licebit 
appellare Jubtangeni em, ad hoc ut tangens ipfa 1 1 de- 
terminari poilit . Erit igitur rq ; qt — rD : DI ,’ 
dy = x:xdji D I ; Quare Ii cx data curvae aequa- 

d x 

tione in hac generali fubtangentis formula ,v dy valor 

d x 

ipfius dx fufficiatur , fubtangens ipfa determinabitur. 
COROLL. II. 

51. Quoniam vero in parabola zydy zz adx t erit 

1 

x d y — a x — y yt=. — y . 
d x Ty zy 2 

COROLL. III. 

52. In circulo eft 2 ydy tz adx— 2 xdx t hinc 

x d y — 4 x — 2 x x “j — a x . 

dx zy 2 y 

COROLL. IV. 

53. In Eliipfi vero cum fit zydyzzabdx— xbxdx , 
erit ydy ~ abx— zbxx — y — b x . Et fic de tan- 

dx zay iy 

gentibus aliarum curvarum. 

PROBL. X. 

54. Efto curva A B b cujus nota fit tangens ad 
quodlibet punftum B,& fit alia curva ACcejus na- 
tur» ut differentia cf fit ad differentiam bg ut cd : 
bd qusritur hujus curv» tangens. 

D 2 Sit 
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Sit AD — *» B D — j , C D — z t erit D d =3 
d x % cfzz dz, bg =3 dy. jam vero fubtangcns ge- 
I 4 * neralis curvx Abb eft ydx, & fubtangens curvae 

ACc eft zdx, quare fubtangcns prioris curvae erit ad 
d z 

fubtangentera fecundae ut y : % . Sed cx natura». 

d y dz> 

curvae d z : dy s z : y, quare y dz = zdy , & ^ s 
z. zdy. Hinc fi in s loco d * fufficiatur ejus va- 

y dz 

lor , fiet z s y ; proindeque eadem eft fubtan- 
d * 

gens curvarum A Bb t AC c. 

PROBL. XI. 


55. Sit curva quaevis A Ce, cujus tangens ad quo d- 
libct punftum innottfcat ; ducatur ejus ordinata BC, 
quae protrahatur verfus E ita ut cubus C E fit ubique 
aequalis faflo cx refpondenre arcu A C in quadratum», 
datae reftx, & hoc femper fiat, quaeritur tangens cur- 
I C. vae AEf , quam pun&a fic inventa determinant. 

* Ducatur reAa bt infinite proxma ipfi BE, & 

ex punftis, C, E ducantur normales CD, E F ad or- 
dinatam b e. Sit arcus AC = x , B C = y , & data__. 

3 

refla fit =3 a y erit CE 33 Vaax, proindeque B E cr 
3 

y-i-Vaax, 8ceYz:dy+-aadx, Sit praeterea fub- 


fangens TB =: r, & tangens T C — t. Jam vero ob 
fnnilit. triang. CTB, fCD eftCT : T B = cC: 
CD» ( : s zi dx : fdx =3 CD — EF. Praeterea ob 


t 


fimilir. 
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fimilit. triang. eFE,EBfcfteF : F E — E B : B t , 
dy 4- aadx : sdx s y V a a x : 



%fydxV xx+-$aafxdx =J B t. Sed cum fit TB: 
^tdyVa^xx-k-aatdx 

BC s CD : DC, t : y =; sdx : dy, erit dy =5 


ydx: quare fi in valore ipfius Bf loco dy fubftitua- 
tur ydx , erit Bf =3 l>y$*xx+-i 0 tx. 

1 3 

3 y V a xx+-*t 
SCHOL. 


i<J. Dofliflimus TSCHIRN AUSIUS in ea fuit 
fententia duci poffe tangentem ad hujufmodi curvam , 
ut & ad omnes curvas mechanicas fine praefidio calcu- 
li differentiatis, vel, ut ait ipfe, nulla pofita magni- 
tudine indefinite parva. Quare non abs re erit hoc 
loco animadvertere Virum Cl. in hujufmodi tangente 
determinanda ad quantitates infinite parvas nil tale 
cogitantem defeendifle. Ita enim probi, conficit Vit 
Sapientiflimus . 

„ Ducantur re£he EM, CH, quae alicubi concurrent 
,, in L, quaeque fecabunt curvas A EM, ACH itu. 
,, punAis M, H, E, C, quae funt ad duas communes 
„ ordinatas GM, BE. Jam ob fimilitud. triang. 
„ MHL, MKEellMH;HL = MK:KE = HC. 
,, Sed ubi [ ob motum ipfius G M verfus B E ] rcftae 
,, H L , L M non amplius fecabunt curvas ACH, 
„ A E M , tunc eaedem tangent curvas ipfas in E , & 
,, C , & arcus CH fiet =3 chordae CH. Ha&cnus 
,, Vir Cl. • Patet 



3 ° . 

Patet surem hic tacite fupponi quantitates infinite 

parvas, in quibus arcus cum chorda convenire polht . 
PROBL. XII. 

57 . Sit curva ABCD, cujus tangens BT; exten- 

5 dantur ejus ordinatae KB ultra perimetrum, & ponatur 
» BG = portioni axis DK , vel coordinatse BE, quaeri- 
tur tangens curvae AGH. 

Sit AEr x, EB= y, AD=a; erit DE = KB 
rr a — x , & ob B G zz BE — y e fi KG - a — x y t 

quate ejus infinitefima portio m L — dy — dx ad LG 
rr BNrrfy, ut fubtangens TE ad F G zz y ; proinde- 
que TF zzydy — ydxzzy — y d x \ ergo quoniam EF 

d y d y 

~ BG=J» & ETrrjy/Zx, eft enim fubtangens cur- 

dy 

vae ABC, erit TF fubtangens curvae AGHrEF — 
F- T = T F ; ergo cx eodem pun&o T profluunt tan- 
gentes utriufque curvae. 

Aliter. Tangat B T priorem curvam in B, jun<$a 
GT erit tangens quaefita ; Non enim, fed alia Gr 
tangat, ponaturque G M parallela ipfi BT, erit pro- 
pterea BP : BN = TB : BE. Sed ipfi BP ell“ 
C O, ipfi B Nr wO) & ipfi BT = G M , ergo G O : 
O m — G M : BE=GM : M t , ergo B E — B G zz" 
M/. Sed M T = B G in parallelogrammo TBGM, 
ergo punfla t , T coincidunt , ideoque jun£U T G erit 
tangens. 

PROBL. XIII. 

58. Data fit curva KF D, cujus nota fit tangens 
in quolibet punflo. Ex A ducantur utcumque rami 
A F, AD, in quibus refecenrur portiones AB, AG 
I /. aequales refpefiive arcubus KF, K D, quaeritur tangens 
curvae tranfeuntis per omnia punfla tali modo deter- 
minata . 

Ex pun<8o A ducantur infinite proximae A F, 
AD, & centro A intervallis A JS , AF deferibantur 

arculi 
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arculi BG, FE, & in pundo A erigatur AT norma- 
lis ad AF, qux occurret tangenti datar curv® in pun- 
do T . Sit arcus K F er x, A F er y , erit D Eer dy , 
C G er r/x, ATz: /, TFn f, & quaefita tangens po- 
natur BH. Cum autem fimilia fint triang. FAT, DEF, 
erit FA : AT er DE : EF, y : t er</y : fdyzz E F . Praeterea 

y 

ob fimilit. triang. F A E, DEF erit F A : A B er F E : 
B G , y : x =: s d y : s xdx er B G , & ob fimlir. 

y y y 

triang. BAH, CGBeftCGrGBreBA: AH, 
dx : i x dy — x : t x x dy er AH. Denique ob fi- 

y y y y d x 

milit. triang. TFA, FDE eft TF:FA er FD: DE, 
t : y er d x : ydx er D E . Sed D E er d y , ergo 

t 

d y er y d x ; quare fi in t x xdy loco d y fufficia- 

J / ■ • s 

t y y d x 

tur ydx , erit txxdyjzzrxxydxzzfxxzz AH 

t y y x tyydx t y 

fubtangenti . 

COROLL. 


59. . Si curva K F D fit circnlus , cujus centrum A , 
quoniam ejus tangens F T ad infinitam diftantiam con- 
venit cum fubtangente AT, fiquidem illi parallela cft , 
cum utraque fit ramo AF perpendicularis, fiet r er t , 
& utraque infinita, quare formula lubtangentis fiet 
se: xx. 


PROpL. XIV. 

• t 

60 . Sit propofita curva ABC, cujus tangens ad 

quodlibet pundutn iptaotefcat , & ex pundo P fumto 
in ejus plano ducantur utcumque ad curvam redae 


Fig. 1 8 . 


re. 
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PB, PD) quae ita protrahantur in F, G, ut fit B F 
— A J3, DG = AD) & fic fcmpcr, conftruetur alia_. 
curva , cujus quaeritur tangens . 

Sit reda quaevis K N parallela ipfi P F , ad quam 
cx pundis B, F ducantur normales B L» F K, duda- 
que tangente B N ad curvam propolitam , ponatur 
FM quaelita tangens curvae genitae AFG. Sint autem 
P F, PG infinite proximae, & centro P deferiptis ar- 
culis B E, F H, fit B L = 4 = F K, BN = r,LN 
i y B P = y , A B =: BF= x, eritque PF = y •+- x , 
B D = d x y DE = i/y, GH = rfy+-^x. Similia-, 
funt rriang. L B N , D B E ; Cum enim ang. B E P 
fit redus , & ang. BPE infinite parvus, ang. PBE 
non differet a redo i fcd ang. PBL eft redus ; nam 
duda fuit B L normalis redae K N parallelae ipfi F P ; 
ergo ad datam redam PB, atque ad ejus pundum_ 
B duae redae B E, BL non ad eafdem partes dudae 
cos , qui funt deinceps , angulos duobus redis aequa- 
les faciunt, adeoque in diredum funt inter fc ipfae re- 
dae lineae, quare ang. LBN— D B E, & ang. ad 
E, & L funt redi quare MB ; BL=BD : BE, / ; 
a zz dx : 4 d x — BE. Similia quoque funt triang. 

t 

BPE, FPH, ergo BP:PFe=BE:FH, y :y +-x = 
adx: a y d x-t-a xdxzz F H. Denique cum fimilia pa- 

t t y 

rlter fint triang. FHG, FKM, erit FH : HG r= 
FK : KM, aydx-+-axdx : dy+-dxzza : (ad y+-a d x) r y 

=: KM. Sed eft B N : L N — B D : DE,*f :s = dx: 
/ixsDEs dyi ergo td x ss d y , & neceffariis 

t . t 

inftitutis fubftitutionibus fiet KMs /y-f-ry. 

x -t— y 

Simili methodo duci poffunt tangentes ad omnes 
curvas, ut patet. „ 

PROBL. 
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PROBI. XV. ** 

6u Sit curva quaevis ABC, cujus nota fit tangens’ 
in quolibet punflo B , & alia curva ejus proprietatis," 
ut ordinatx HD fint femper medi* proportionales in- r* • 
ter HB ordinatam prioris curve, & abfcilfam I p» 

queritur rangens t D . * " 0 

Sit ordinata L E infinite proxima ipfi HD, fitque 
HB = y, H A = x, HD =z, erit BG = H L = D F 
= i/x, C G = rfjy , E Fr: </z- . Similia funt triang. EFD, 

D H t , ergo E F : FD = DH : H t y dz : d xzzz : 
iilx-Ht. Cum autem aequatio curvae fit zzazxj» 


erit izdz zz x dy y d x , & d z ~ xdy-t-ydx % ergo 

2 z 

H t — z d x zz lzzdx. 


z d 


x dy-t-yd x 


COROLL. I. 

62. Hinc fi data curva ABC fuerit parabola aequa- 
tionis y y zz 4 x , erit zyd y zz ad xy & dy zz a d x ; 


quare fubfticucndo erit 2 zzdx zz 4 yzzdx 

xdy+-ydx axdx-*-iyd* 
~ 4 =_4x=H/. 

COROLL. H. 


^3. Si curva ABC fuerit fcmicirculus , erit H / =: 

• zzzdx zz 4«x— 4 xx. Et fic deinceps. 

xdy-h-ydx 34 — 4 x 

P R O B L. XVI. 

^4. Sint omnia ut fupra ; fcd ordinata normalis 
B D fit femper media proportionalis inter AB, & HEj 
quaeritur tangens curvs ADE. E Du- 
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Ducatur refla De parallela reflat T B b tangenri 
curvam ABC. Sit BDs ^ AH^ x, H L~ a — -v , 
BH = z, erit Kf = dy y Gi = </i, BG = ix. Eli 

quidem Ke : rD“DB : B c » dy : V (d x 2 i—dz 2 ) 

— y : y V(rfx 2 +-dz 2 ). Atqui curvat aequatio cft j 2 

d y 

~ ax — x 1 1 quare lydy = adx—- ixdx y & y = 

d J 

2 y y n 2 a x — nx ; proindeque B c =: 
adx — ixdx ad x— - ixd x 

(tax — 2 x x ) V ( dx 2 -i—dzi 2 ) . 
a d x — ixdx 

COROLL. 

6j. Si curva ABC fit parabola Apolloniana para- 
inctri a , erit z ~ V ax y & dz> ~ a d x y dz z ~ 
-•••!' ' 2VtfX 

a dx 1 - t ergo V (d x 2 -t-dz 2 )= dx T 7 ( 4 x -4- u ) , & 

7* ^ 4 x 

( 2<rx~ - 2xx) V(</x 2 Wz. = Br = ( 2 a x — 2 x x ) 
/t // x — 2 x d x a — 2 x 

T7 (4 x -1— a ) = (a~x) V(4Xx-Mx). 

* 4 x a — 2 x 

PROBL. XVII. 

66. Sint datae curvae AQC, ANR > quarum com* 
munis axis fit refla A P, earumque^ tangentes N S, 
20 Q.T innotefeant, curvas autem datas fecet ordinata-. 
NQJ*i quae protrahatur in M » ut fit PQ^: P N = 
PN: PM , quaeritur tangens curvae AM. 

Ponatur quaefita tangens M V. & ordinetur R CpG 
infinite proxima ordinatae NQJPMj duflifquc N//, Q?> 

Mi» 
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Mm axi A B parallelis ponatur PT - f , PS tz r, 
P zz y , P N zz z t erit P M := z z , j C =: dj , « R 

y 

zzdzy Gm zz lyzdz — zzdyy Pp z: d x. Eft autem 

yy 

ob fimilitud. triangul. 0 P T , Cq Q. , PQ : P T =3 
C q : q Q^> y : r zz dy : tdy — q Q^— V p zz M mzzd Xy 

y , 

hinc dy zz ydx . Praeterea ob nmilit. triang. NPS, 


R » N eft NP: P S =: R « : «N, z : r zz dz: r dzzz 

z 

«N=:Pp — dxy quare d z zz zdx . Denique ob fimillf. 


triang. GmM, M P V eft Gm : »M zz MP : P V * 
zy zdz -— zzdy : d x zz zz : y z d x =r P V ; & 

yy y lydz — zdy 

fi loco dzy & dy fubftituantur eorundem valores nu- 
per inventi, erit yzdx zz r s P V . 

lydz — zdy n — r 

Quod fi iifdcm uc fupra pofitis problema Hofpi- 
taliano more tnuncietur, nimirum quod relatio adpli- 
catarum PQ, PN, PM quavis aequatione exprima- 
matur, retentis iifdcm denominationibus, pofitaque^ 
P M 33 Vy adccquc G mzzdvy quoniam rdyzz Q jjzz 


r d x zz N », erit dzzz tzdy. Praeterea eft G m : mM 

* r y s 

s MP : PV, dv : tdy zz v : fvdy t qui eft valor 

y ydv 

quaefitae fubtangentis . 

Quod fi in differentia datae aquationis fiant nc- 
ccffariae fubftitutioncs , evanefeent quantitates infiniti 

E z parvae, 
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parvx, adeoque fubtangcntis valor per quantitates fi- 
nitas exprimetur. 

Sit ex. gr. zis ergo 2 i</z = vdy -*-y i Vy 
& loco dz luffcflo ejus valorc tzdyy erit zxzzdj 

r J ry 

7Z vdy+-ydv, hinc ixzzdy — rvydy — dv t adeo- 

r yy 

que r vdy a rxvy z z r s , fi loco * z fuf- 

ydv xxzz—rvy ix—r 
ficiatur vy . 

P R O B L. XVIII. 

67 . Sint omnia ut in probi, prxcedente , & fiat 
ordinata P IVI — AQ^-i-AN, quaeritur tangens curvae 
tranfeuntis per omnia punfla tali ratione determinata. 

Fiant omnia ut fupra , & dicantur N S = /, Q^T 
~ p y AN = z, A Qj= v ; erit ob fimi!, triang. QJT P, 
CQ_?> QJ : TP= C Qj Q. ? , p : / = dv : s d v - 

P 

dx t hinc dv — fdxy itemqueob fimi lit. triang. NSP, 

• • / 

R N « erit NS : SP=RN:N«,r : rz=.dz\ r d z 

t 

tzdxy ergo d 1 — tdx. Denique ob fimilit. triang. 
<3 m M , M P V ell G m : « M = M P : P V , 1 / z+- d v : 
d x — z+-v : zdx-*-vdx t zzrsz-><-rsv~ JP V . 

d z +- dv t x -t-p r 

< ... PROBL. XIX. 

6 8. Sit circulus C E F , & alius duplae diametri A B F, 

- * & dufla chorda AB, demiflaque ex B refla BD nor- 

~ '* mali in diametrum AF occurrente alteri circumferen- 
tis in B, fiat A K = chordae EC, & fic femper, quae- 
ritur tangens curvae, qua; tranfeat per omnia punfla 
fic inventa. 

Hujufmotli 
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Hujuftnodi Curva eadem eft cum Lemnifcata_» 
C 1 .JACOBI BERNOULU. 

Sint infinite proximae AB, AH, & in pumfio 
A erefta ad A B normali A T , quae occurrat in T re- 
fli BT tangenti circulum in punflo B, centro A in- 
tervallis AK, A B defcribantur arculi infinite parvi K L, 
BG, & (it AT = r, CD = x, AC = «, erit A D “ 
a 4 -x, D F =: a — x , & CE = A K — V a x, proinde- 
que M L — ad x. Sed AB =: V [ 2 d a +- z a x] * 

2 Vax 

ergo HGs adx t quaefita vero tangens pona- 
V [zaa-+-zax] 

tur K S. Jam vero ob fimilit. triang. BAT, HGBeft 
B A : T A = HG : GB, V (zaa+-zax): t =; 
adx : at dx , & ob fimilit. triang» 

\(zaa+-zax) zaa-^-zax 

BAG, KALeft B A : K A = BG : KL, V[iaa-*-iax] : 

Vixzz asdx : atdx V ax . 

zaa-t-zax (zaa-t- zax)V (zaa-t- zaxy 
Dcn‘que ob fimilit. triang. MLK» KASeftML:LK 
s K A : AS, adx : a t d x V a x 

z Vax [ zaa+-zax J V [zaa+-zax) 
zz Wax : txVax zz AS» 

(a+-x)V(zaa-t-zax) 

PROBL. XX. 

69. Invenire fubtangentera ad determinatum curvae 
pundlum . 

Sumatur differentia datae aequationis, ex eaque 
inveniatur valor fubtangentis jdx, & loco x,& j m 

valore fubtangentis pofitis valoribus, quos habent iru, 
dato punfto) invenietur quaelita fubtangens. 


CO. 



. 22 


a 8 

5 COROLL. 

70. Quoniam igitur in circulo ydx zl 2 v y , fi quar- 

d y a — ix 

ratur fubtangens ad curvae punftum , cui rcfpondct 

abfcilTa x = — a , erit y = - a , hinc 2 y y = 2 a a 

2 2 

«•— 2Jf O 

nempe fubtangens erit infinita * & tangens normalis 
radio . 

Aliter problema demonftratur . 

Quoniam valor fubtangentis in qualibet curva_. 
eft = xd y [§.49.] si fiant omnia quae fupra, eruetur 

d x 

quaefita fubtangens. 

COROLL. 

71. Quoniam igitur in circulo cft xdy zi y — a x 

d x 2 y 

[§.51.] fi quaeratur fubtangens ad curvae punflum, cui 

1 1 }_ 

rcfpondct abfeifla x ~ ~ a , erit y — a x — — a— z aa 

2 2 y ~ 

— O, nempe nulla eft fubtangens» adeoque tangens 
coincidit cum re&a, quae normalis eli radio, quaequo 
proinde circulum tangit in pundo extremo radii. 

SCHOL. I. 

72. Si propofira curva plures habuerit ramos inter 
fe concurrentes, & tangens in pundlo concqrfus fue- 
rit eruenda, five pundlum illud fit punflum contadus, 
five interfe&ionis, fuffeftis loco x, & y valcribus, quos 
habent in dato pun<Rc, rermini omnes in numeratore, 
ac deneminatore fraflionis evanefeent , & fubtangens 


fiet — , nempe infinita 
o 


Ita fi ia curva aequatio- 

Dis 


J 
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nis y ^ — 8by^ — -12 b x y y -t- \6 bb y y +- 4S b b x y 

4 6 b xx— 64 & ^ xzz o a Cl. SAURINO propofi- 
tae in A c. reg. 1716. quxratur fubtangcns in punflo H 
concurfus crurmn AC, D B, cui refpondct x= y =: 2 b, 
quoniam in eadem curva pun&um A di pu rufium ori- 
ginis ipfarum y, & redla A D earundem axis, proin- 
deque formula fubrangentiuin in hoc axe furatarum-. 
= xdy, erit haec fubtangens =; 

d x 

%bxyy — \zbbxy~— 2 bbx x •¥- 16 b*x— ~ — OO , 

y3—.6byy—-6bxy-*—8bby+- ilb b x 

fi 2 b loco x , & y , & loco x , y , y i eorundem-, 
rcfpeflivi valores fubftituantur . Non hinc tamen infer- 
re licet infiniram elfe in pun&o illo fubrangentem , fed 
fubtangentem aliquam finitam, imo duplicem cidem_. 
pumflo refpondcre; quae ut vefiigetur, fumantur diffe- 
rentiae fecundi propofitae xquationis pro conflantibus 
adfumendo */x, & d y, & erit ( ut inferius conflabit) 

37 ^ d y y — 1 2 b y d y y — 6 b x d y y — 1 2 b y d y d x -H* 
8 bbd y 2 -t - za,b b dxdy +- ibb dm 1 ■=. o. Loco x, & 
y fufiiciatur eorum communis valor 2 b relate ad pun* 
dum H , & erit — - 16 b b d y 2 zz 2 b b d x 2 ; vel’ 
2 bb dx 2 = 16 bbd y 2 , proindeque dx—^dy V 8« 
Denique in valore fufctangentis generali x d y pofitis 

d x 

Joco x, & dx valoribus 2 b y & +Z d y V8, fiet ea- 
dem fubtangens b . Igitur fubtangens in pun- 

V 2 

do H , vel potius duae fubtangentes pun&o H refpon- 
dentes funt =: b, quarum altera cft pofitiva, al- 

V 2 

tcra vero negativa, & aequalis pofitivae. Ra- 
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Ratio methodi demonflratur. 

Differentia propofitae aequationis numeris omnibus 
abfoiuta eft . 

* 1 i 4 

+•4 y 4-6yy</y*4-4y</y$ 4 -</ y^ 

•— Zqbyy dy — 24 & y dy 1 — nbdxdy 1 

— l^bxydy — nbxdy 1 — 8 bdy^ 

— \zbyydx •— lqbydxdy ~ 0 

j^-^lbby dy •+- i 6 b b d y 1 

^-/fibbydx 4- qSbbdxdy 
+- <\ 3 bb xd y 4-4 bb d X* 

4-8 bbxd X 

— 64 b^ dx 

Quoniam vero ob varias dlmenffones fermlncrnrnL, 
coiumnas hafce conftituenfium , eaedem colnmnae varios 
exhibent ordines quantitatum non quidem abfolutc=:o, 
fed infinities parvarum, quarta columna erit infinite^ 
parva relate ad tertiam, tertia relate ad fecundam, fe- 
cunda relate ad primam, adeoque prima columna dif- 
ferentiam propofitae quantitatis conffituet, quae fi fuerit 
abfoluterro, non erit profedio = o fecunda columna, 
quae proinde differentiam propofitae quantitatis exhibe- 
bit, quod idem eff ac differentias fecundas eiufdern_, 
aequationis invenire . 

Si curva, cujus quaeritur tangens tres habuerit ra- 
mos ad datnm punflum concurrentes tertiae differendae 
erunt inveniendae, quartae, fi curva quatuor habuerit 
ramos; & lic deinceps. Sed de his plura acutiffimus 
Geometra VINCENTIUS RICCATUS tn Co>». 
ment. Acad. Bonntn T. 2. p. 3. , & MARIA C A- 
] ET AN A AGNESI F Gemina longe Clariflima in_. 
fuis inflitutionibus Algebraicis. Plura etiam habent 
• Mathematicus 
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Mathematicus plane futnmus JACOBUS BERNOUL- 
L 1 US) & SaURINUS loco fupra citato. 

SCHOL. II. 


73. - In fuperiorc Scholio innuimus efle =5 00 . 

Id nunc nobis eft offendendum. Sit itaque AC radius 3 * 

quadrantis circuli ADB, cujus ordinata DE, & fe- 
tans A DO, quae in punflo G occurrat reflae CB 
produflae . Sit AC = «, DE = y, erit propterea— 

AEca — V(aa — yy). Eft autem A E : E D — 

AC 1 CG “DE 1 EG, a — V [ a u — y y ] • y — 

\[aa — yyj : y V ( a a — yy) — FG, ergo cum 
a — V ( a a — y y ) 

y fit =r o , refla AG erit parallela reflae CG; quare 
tunc AG fiet infinita; in hoc vero cafu inventa for- 
mula evadet -2 , ergo = 00 = infinito. 

LEMM. I. 

74 * Sint duo triang. C B A, DEF, & latus DE ry 

fit = lateri CB, ang. vero FDE fit > ang. ACB, * • 2 4 "' 

dico latus E F > latere B A . 

Fiat enim ang. E DG = ang. ACB, erit GE 
= AB; (cd latus Et > latere EG; nam refla DG 
fecat ang. EDE, ergo latus E F > latere A B . 

LEMM. II. 

75 * Si curva AG B concavitatem axi obvertat, ejufi- 
que ordinatae femper crefcant, differentiae ordinatarum 
femper magis, ac magis decrefcunt . 

Ponimus hic lineam ablciifarum feflam effe in_. 
portiunculas numero infinitas AF, F/, fb& c.quie funt 
differentis infinite parva; abfeiffarum A F, A/, A b &c. / 77 /7- y * 
aoecque differentias hafce omnes fi ve J x elfe conffan- 1 «S* 
tes ; eas autem tales ponimus, ut habeatur veluti pun- 
flum fixum in relationibus diverfarum coordinatarum_. 
g P » K r confiderandis . 


fG rg 


F Sint 
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Sint ordinatae FG, fg , £K, & concipiantur 
duiflae tangentes G T , g t . Eft ang. G TF = ang. 
gGpy & ang. Kgr =: ang. g t f. Sed ang. GTF> 
ang. gtfy ergo ang. gGp> ang. K gr. Atqui latus 
G p elt s lateri gr t ergo latos gp > latere Kr. 

COROLL. I. 


7<5. Unde conflat hujufmodi curvas femper minus, 
ac minus Cupra axem elevari, adeoque larus curvx In- 
finite parvum, nempe DB, vel ejus tangentem BL 
efle axi AH parallelam, & dy fieri infinite parvam re- 
late ad dxy & quidem juxta omnes infinitefimi gra- 
dus , quin unquam ad zero abfolutum pertingar; Hoc 
enim , ut paret, contingit tantummodo in lineis in- 
ter fc abfolute parallelis . 

COROLL. II. 


77. Frgo quo minor erit valor ipfius dy y eo ma- 
gis latufculum DB, vel ejus tangens BL fiet axi AH 
parallela ; linea quippe, quae alteri pro parallela ha- 
betur, e6 magis ipfi parallela efle poteft juxta quemli- 
bet gradum. Et quidem in triang. ABC fi bafis BC 
ponatur infinitefima primi ordinis latera AB, AC cen- 
feri poterunt pro parallelis ob ang. A infinite parvum, 

2 ( 5 . quo in cafu ipfa EC, Cive dy fier;= o ~2 . Quod fi 

praeter bafim infinitefimam ponamus verticem A infinite 
diflare a bafi BC, latera ipfa AB, AC fient inter Ce magis 
parallela , & quidem tum ratione ang. infinitefimi A , 
tum ratione infinitae diflantiae cjuCdcm ang. a bafi , & 


ipfa EC=; dy fiet =: ^3 . Jam vero fi praeter infi- 
nitam diflantiam verticis A a bafi ponamus hanc efle 
infinitefimam fecundi ordinis, adhuc etiam latera AB, 
AC fient inter fc magis parallela, & ipfa EC= dj 


erit^: — ^4 ; & ita porro. 


PRO- 
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PROBL. XXIf* 

78. Invenire fubtangentem in curvis, quarum latus 
infinite parvum protrafta in infinitum curva fit axi pa- 
rallelum. 

Sumatur curvae aequatio, & adfignetur ordina- 
tae y conveniens valor infinitus, mox eruatur ex data 
aequatione valor ipfius dy^ik folutum erit problema . 

COROLL. I. 

757. Quoniam igitur in parabola Apolloniana eft y 
1 

00 2 , quippe, ut ait Cl. F ON TEN E LL I US, & 
ratio ipfa evincit, de duabus quantitatibus, quae uno 
eodemque tempore fiunt infinitae, vel infinite parvae , 
judicandum eft ex peculiari charaftere , quem iifdem 
tribuit neceilitas relationis inter ipfas intercedentis, & 
1 * 

d * ~ do* cr5t ~ dx a & 3 ix = 

1 200- dy 

2 00 ]T 

X 

— I 

00 2 . — £3 2 OO . 

OO 


3 

2 OO — 

2 

COROLL. IT. 

So. Eadem ratione in prima parabola cubica-. 

r 

= x, cum (it js 00 3 , & dx sr — erit dy =3 
1 00 

d X =3 - ) & yd X- 3 3 OO . 

£ 300T ’ 7 >~ 

300? F 2 CO- 
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44 COROLL. ITT. 

81. Et gencratim in primis parabolis cujufvls ordi- 

i 

dinis cum (it y m x, erit y =: oo m » Eft autem d x := 


mf 1 dy, cademque = — , ergo dy ~ 

oo 


lm—i 

m oo m 


t 

— t 


I i — I t — m 

& e fi ydx ~ oo w . — " oo w soo w soo ra i 

oo 


oo 


quare yd x ~ m oo. 

COROLL. TV. 

82. Patet igitur, quo major eft dimenfio parabol», 
eo majorem fieri 2 m — 1 , adeoque femper decrefcero 


m 


valorem ipfius dy , ac proinde parabolam majoris di- 
menfionis ad fui extremitatem fieri femper magis axi 
parallelam . 

COROLL. V. 

83. In parabola fecunda fecundi ordinis y^ — x z 


— 1 


eft y =: oo 3 , ergo dy — 


“ & y d x s 00 

3 °o"T 


3 » 


— ^ 4 

proindeque ydx ~ oo 3 . 3 00 3 — 3 00 » 

d j 2 2 

COROLL. VI. 

84. Gencratim vero in omnibus parabolis fecundis 

»/— 1 

cujufvis ordinis cum fit y m s x w "’ r crit js 00 w » 

& 
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m— t 


m 


m oo 


w 


t > ■ • r t • • \ • 

proindcque ydxzztvoo, 
d y m — i 


COROLL. VII. 

85. Quoniam vero, quo major cft gradus parabo- 

»»+- 1 

larum fecundarum, eo fit minor — — , adeoque auge- 
tur femper valor ipfus dy y patet, quo major efi di- 
ruendo parabolarum fecundarum, co minus eafdem fieri 
ad fui extremitatem axi parallelas. 


LEM M. 

8 6 . Si curva convexitatem axi obvertat, Sc ordi- 

natae fen per crcfcant, differentia: ordinatarum femper 
magis, ac magis crefcent. 

Hic pariter ponuntur d x conflantes. 

Demonflratio hujus lemm. convenit cum demon- 
ftratione lemm. pratcedentis. 


Fi<r. 27 . 


COROLL. I. 

8-7. Unde colligitur, quod cum in triang. K9R 
ang. fKB fiat femper major, latus BK femper minus 
obliquum evadet lateri K q cui tandem produ&a ito 
infinitum curva latus ipfum vel potius ejus tangens cen- 
feri poterit ut perpendicularis, & </j, erit infinito 
magna relate ad d x, & quidem juxta omnes infiniti 
radicalis dimenfiones, ut patet, fi confidererur latus 
tanto fieri n ajus, quo latus BK fit magis per- 
pendiculare lateri K?. 

COROLL. II. 


88. Confiat igitur curvam tanto magis ad fui ex- 

tremitatem fieri normalem axi , quo major eft valor 
ipfius dy . ' 

PROBL. XXIIf. 

89. Invenire fubtangentem in curvis, quarum latus 
infinite parvum abeunte in infinitum curva fit axi per- 
pendiculare. 

, ' • • Fiant 
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Fiant quae in Superiore problem. praecepimus, Sc 
confeftum erit problema. ‘ . 


COROLL. I. 

90. Quoniam igitur aequatio ad parabolam com- 
munem, li ejus axis ponatur AD - X) ordinata DM 

eft y = x 1 , & eft y =00 , erit ergo x-00 2 . 

1 — r 

Eft autem dx =2 — , ergo dy erit =: 2 00 1 . 1=: 2 00 z i 

OO QQ 


quare yix 

"*7 



COROLL. II. 

01. Pariter cum in parabola aquationis y =; , 

i. J, 

fit k m 00 3 , erit dy~ 3 00 3 , & ydx ~ 00^. 

d 3 1 

COROLL. III. 

gi. Eadcmque ratione demonftrabitur fubtangentem 


curvae aequationis y =2 effe — 00 4 , atque ita porro • 

4 

COROLL. IV. 

gi. Fx his colligitur quod quo major eft primarum 
parabolarum dimenfio , eo major evadit valor ipfius dy t 
proindeque quo primae parabolae majoris funt dimenfio- 
nis , eo magis ad fui extremitatem fiunt axi perpendi- 
culares . 

CO- 


Digitized by GoogI 


47 

COROLL. V. 

94. Quod fi fuerit aquatio ad fecundam parabolam 

2 

cubicam, y 2 x$ quoniam eft x ss 00 3 , & d y rs 
— 2 _2 

3 00 3 , erit jr//x c= HTT» & “ 2 0 0 ^ • 

* 7 l 

3 00 

COROLL. VI. 


95. Pariter in curva aequationis y % s cum fit 

jj “i i 

*=oo^, & </ j =: — 00 ^ , erit y </x c: 3 00 ^ , & 

3 TT 4 

fic deinceps. 

COR OLL. VII. 

g 6 . Hinc patet, quo major eft gradus parabolarum 
fecundarum, eo minus cafdcm ad fui extremitatem fieri 
normales axi , fcilicet ob valorcra ipfius dy fcmper 
minorem . 

PROBL. XXIV. 

97. Invenire tangentem ad verticem propofitx curvae. 

Inveniatur cx aequatione curvae ratio ipfius dy: 

d x , & problema confe&um erit, ut exemplis conflabit. 
COROLL. I. 

98. Quoniam in parabola eft ly dy rs dx , erit 

dy : d x zz 1 : 2 y, nempe ut sin. reflus M P ad sin. 
complementi PT, ita parameter ad duplum ordinatae, T'* „ - 

vel dimidium parametri ad ordinatam, ubicumque pun- 

dum M reperiatur ; at in vertice A eftjero, vel po- 
I 1 

tius= — , erit igitur dy : dx s 1 : — , nempe ratio 
00 , 00 

ipfius dy.dx infinite magna, fcilicet nullus erit finus 
complementi , adeoque tangens ad verticem normalis 

«it 

V 


Digitized by Google 



4 8 

eft axi , cui pariter normalis eft ipfa curva parabolica j 
i .. i 

Eft autem dyzz •— , ergo dxz: - — - , 

00 

00 

COROLL. II. 

99. In prima parabola cubica eft y % rs x , &r 
Zjydj-dxy trgo dy.dxzz 1 : 399 ; eft autcm_, 
11 

y ~ —1 ergo jj =5 — , proindeque ratio ipfius dy: 


00 


00 


d x infinira, & quidem fecundi gradus; tangens igitur 
ad verticem hujufce curvae eft axi perpendicularis 9 

I 

cui etiam perpendicularis eft curva ipfa, & dxz: . 

oo^ 

COROLL. III. 

r 

100. Quoniam vero in primo Coroll. eft dxz :— — , 

1 oo 2 

& in fecundo eft dxz: , patet quo major eft pri- 

00 ^ 

marum parabolarum dimenfio, eo magis normales eaf* 
dem fieri ad axem in vertice . 

COROLL. IV. 

101. Si fuerit aquatio ad fecundam parabolam cu- 
bicam xx, erit ^yy djzzixdx, & dy : d x 

l 1 

— 2x : $yy, Eft vero yy == , & * ~ , ergo 

OO 2 i. 

OO 2 

ratio dy : dx infinita, & tangens verticis eft axi 
normalis ; ipfa vero d x zz 3 • 

r 

jf 


l oo‘ 


CO- 
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.COROLL V. 

102. Item fi detur aequatio ad fecundam parabolam 

quadrato* cubicam y 5 — erit ^y^dy = 4 x^dx, 
& d y : d * =3 4*3;5y4.Eft autem 5 y 4 ~ 5 , 

V 00 4 

& 4 x 5 g 4 1 ergo ratio dy : dx infinita , adeo- 

• x 

00 2 

que tangens curv* ad verticem eft normalis axi , & 

x e= -JL. ; atque ita porro . 

J, 

4 00 4 

COROLL. VI. 

103. Patet autem ex valore ipfius dx> quod quo 
major cft parabolarum fecundarum dimenfio, eo ipinus 
normales eaedem fiunt ad axem in origine. 

COROLL. VII. 

104. Quod fi detur aequatio ad parabolam commu- 
nem, cujus axis AD, ordinata DM, nempe y =xx, 
erit d y ixd x , & dy : dx tiix: 1 t Eft autcm_ 

1 

ad verticem x zz o , vel — , & ad 1 rationem ha- 

00 

bet infinitefimam, ergo ratio ipfius dy : dx erit pa- 
riter infinitefima, ergo tangens curvae ad verticem con- 
veniet cum axe, & re&um ang. conftituet cum ordi- 
natis ad eundem axem j ipfa vero dy erit = 2 ; eft 

i 

enim d x t= — • 

00 

G 


00 


CO- 
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coroll; vtii. 

105* Si fuerit aquatio ad primam parabolam cflbit 

eam y == x ^ ,* cujus fcilicet axis fit A D, ordinara DMj 
ut fupra , erit dy = 3 xxd x , & dy : dx — 3 x x : 

1 , 

1 ; at in vertice eft x — — , ergo 3 x : 1 rationem., 

00 . — ' . 

habet infinitefimam fecundi gradus ) candemque^, 

habet dy:dx , ergo tangens hujus curvae ad verticem 
convenit cum axe, & dy erit 3 j & fic de reli- 


00 


3 


quis parabolis. 

COROLI. IX. 

10 6. Ex his colligitur, quo major eft primarunL. 

parabolarum dimenfio , quarum axis tranfponatur, eo 
magis parallelas eafdetn fieri in origine ; valor quippe 
ipfius dy femper fit minor. 


COROLL. X. 

107. Si vero fuerit aequatio ad fecundam parabo- 
lam cubicam yy zz x 3 , cujus axis, & ordinata fint 
quae fupra, erit lydy tz 3 xxdx, & dy : dx = 

3*x: ly y atqui ratio ^x 1 : zy eft eadem cum ra- 
tioDe 3:2, nempe infinitefima, ergo eadem eft 


00 


00 


ratio ipfius dy : d x, ergo tangens curvae ad verticem 

convenit cum axe , & dy eft ss — — . 

1 

2 00 1 

COROLL. XI. 


10S. Denique fit aequatio ad fecundam parabolam^, 
quarti gradus y 3 — x 4 , cujus axis tranfponatur, erit 

133*3 
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zyyjy - 4 *^ & <7 = 4* ? : 3 jrjy; quare- 

cum ratio iplius d y : d x fir infinitcfima , tangens hujus 

4 

cur v* ad verticem congruet cum axe, & d y erit 25 

4 

3 00 l 

. v - r COR OLL. XI r. 

109. Hinc confequitur fecundas parabolas tanto mi- 
nus parallelas fieri in origine, quo major eft earun- 
dem dimenfio; valor quippe ipfius dy femper major 
evadit. 

PROBL. XXIV. 

no. invenire formulam tangentis generalem in_. 
curva quavis algebraica in ang. coordinararum retfo . 

Sint omnia , ut in problem. 5. Et quoniam Rr = 

R m ( §. 9. 11. ) erit RrnimMa PM:MT, nempe ' 

dy: V(dx 2 +-dy Z )zzy :_y_ V(dx 2 4 -dy 2 ), qua: 

dy 

cft formula generalis ad tangentem. 

COROtL. I. 

m.. In parabola igitur tangens erit =: ( V$xx+-ax ) . 
Cum enim fit lydy zzdx> adeoque 4 yydy z ~dx 2 > 

2 & (t d 

fi loco dx fufficiatur ejus valor in formula nuper in- 
venta , migrabit eadem in 17 [4 y*+~yy] es 

* a 4 

'V (4 xx-t-ax). 

COROLL. II. 

• » * 

11 2. In circulo quoniam cft iydyzzadx-~* 

2 xd x, erit d X' S qyydy 2 quare fubflitu- 

, ( . J T- 44 X -i-QXX 


tione 
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tione fa&a ent j/ V-[<dx l 4 - d y 2 ] ss • : v' 
dj 

V [4 «« x- x — 8 4 y * 4 

«« — 4 «*+- 4 xx 

COROLL. IIT. 

ii?* Quod fi detur aequatio a m x M = y ff,4_w ad 
infinitas parabolas , erit dx zz (m +- n) y m4 ~” 1 d y ; 


quare <fx =3 [ m +- « j y *y « Hinc u 


in formula tangentis generali loco dx 1 fufficiatur ejus 

2 m i « 

, r* . _■ _ r f n 22 MH-» 

valor, fiet eadem g=T 7 f (m+-n) x +-a x J 
V « 2 

Si fuerit m =2 r, «es i , parabola fiet Apollo» 
niana, & tangens es V(4xx+-<tx), ut fupra. 

P R O B L . XXV. 

114. Invenire formulam tangentis generalem itL. 
ang. coordinatarum obtufo, vel acuto. 

Sint infinite proximae GS, OV, quae cura axe 
AC ang. obtufum» vel acutum contineant. Ducatur 
q GH parallela eidem axi AC i Et quoniam in triang. 
2o. G HO ang. GHO notus cft , utpote es ang. TSG» 
fi ex pun&is O» G ducantur G E , OC normales rc- 
«Aae TC, & producatur, fi opus fuerit, rc£ia GH 
ufquc ad P, notus erit ang. OHP, ergo cum fit rc- 
<51 us ang. HPO, notus erit & ang. HOP, proinde- 
que data erit ratio ipfius "OH ; OP, & fit ratio 

•j ; t ■ ■ m : n. 
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m tty erit igitur m : « = iy : nd y = OP. Insuper 

m 

data erit ratio ipfius OH : HP, fitque eadem ac ra- 
tio m : p> erit ergo nt : p =: dy : pjj^ =HP, quaro 

m 

GP= dx-4-pdy_ fnum.i.] & = d x —pdy [auva. 2 .]. 
' m ■ m 

Hinc GO 2 =3 G P 2 -4- O P z ~ 

w Z dx 1 tl 2mpdydx+-p 2 dy 2 4- a 2 dy 2 . Sed 


H0 ! sHP j -i-P 0 2 , & HO exprimitur per m , 
OP per «, PH per p y ergo i» 2 =j» 2 4 -/> 2 ,& 
m 2 dy 1 = a 2 dy z 4 — p 2 dy 2 j igitur in valorc ipfius 
G O 2 loco n 2 dy 2 +-p 2 dy 1 fuffeflo valore m 2 % 
erit G O 2 s m 2 x 2 jf 2mpdydx+-m 2 d y 2 y Sc 


GO - W ( mJ * 2 pjy d X +- md y 2 ) . Sed 

m 

triang. GOH, TGS funt fimilia , ergo OH : OG 

~ SG : G T, dy : m dx 2 * 7 2pdydx-*-mdy 2 ) 

. - m 

J _ ^7* ( m dx 2 dydx -*-mdy 2 ) qua eft 
dy V m 

formula tangentis G T. 

• >■ PROBL. 
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PROBL. XXVI. 

115. Invenire formulam generalem fubnormalis ii_. 
ang. coordinatarum reflo . 

Sint omnia ut in probi. 5. Et quoniam triang. MRr, 
PNM lunt limi!, erit RM : Rr = PM : PN, d x : dy 
zz y : ydyzz fulnormali PN. Hinc ii ex data curvae 

dx 

aequatione valor ipfius dy, vel dx eruatur, & in_. 
formula fubnormalis loco cjufdcm dy, vel dx fufficia- 
tur , fubnormalis valor in quantitatibus finitis emerget . 

Idem fubnormalis valor eruetur, fi fiat fubtan- 
gens T P : P M = P M : P N , ydx : y = y : ydy . 

dy dx 

Quod fi loco ydx ejus valor jam inventus fubftitua- 
dy 

tur, fubnormalis in quavis curva determinabitur. 
COROLL. I. 

II 6 . Cum itaque in parabola Cit yyzzax, & 

1 

2ydy~adx , five zy dy zz dx, erit y dy z: — a • 

a • d x 2| 

Praeterea quoniam in eadem parabola eft ydxzz zx, 

1 dy 

erit zx : y zz y : yv =2 a x zz — a. 

zx zx 2 


COROLL. II. ' 

117. Si fuerit aequatio ad infinitas parabolas y m n 


=2 a m x n , erit y d y zz 


m n—i r 

na x U m zz l , 


d x , \ m-b-n—l 

( m+-n) y 


n ~ 1, erit 


m 

na x 


( m-i-n ) y 


zz—a. Et fic dc ceteris. 

CO- 




-2 2 
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COROLL. TU.' ‘ ! ' 

x 18. Quoniam in circulo eft 2 y dy =: adx — ixd x i 

1 • . 

erit y d y =: a — zx z: — -a — x , Unde condat in cir- 
dx 2 2 

culo omnes ad peripheriam normales in centro concur- 
rere, adeoque tangentem radio normaliter infidere. 

COROLL. FV. 

\ig. In Verforia quoniam ed x y y ■+- ax r; a y y , 
erit ixydy+-yydx+-aadxzz zaydy, quare yd y 

d x 

es y y 4- '< <* rs aax +- 4 a • =3 

2 4— 2 X (2 4— 2 X)(4 — x) 2 4 — 2 X 

4 ^ . Idem eruitur ex altera Analo- 


244 4 4 X+- 2 x x 

gia , quam fupra indicavimus. 

Quando punitum G cadit in vertice A, fit 4 — 

r 

xs 4, & fubnormalis ed =3 — 4. 

2 

COROLL. V. 

120. Denique in Conchoide , cujus aequatio y zs 
( b — x ) V (lux — x x) , erit normalis ydy ss 

4 — x d x 

(a ab — 344x-f-j«xx — x x x )(6 — x). 

(4 - x )3 

SC H O L. 

121. Vir. CI. SCHOOTENIUS in fecunda^ 
editione Comroenr. Geometriae Cartefianae lib. 2. expe- 
ditam docet normalis conftrultionem pro Conchoido 
Nicomedea A E; nempe ex polo P ducit perpendicu- 
larem PN ad ramum PT fccantem regulam B F in 
H , & ex H ipfi regulae normalem HN occurrentem 

alteri 
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alteri ad ramum normali PN, 5 r junflam NT ait 
effe Conchoidi perpendicularem. Verum id longe uni- 
vtrfalius proponi potefl hoc modo . Efto qualibet re- 
gula refla, vel curva BF* juxta quam polo P deferi- 
barur Conchois A E, ita nempe, ut intervalla B A , 
H T fint femper eidem quantitati aequalia , atque H N 
normalis regulae, vel ejus tangenti in H , fi regula_. 
fuerit curva , conveniat cum P N normali ad ramum 
in punflo N, junfla NT erit normalis Conchoidi A T, 
cjufve io T tangenti. 

PROBL. XXVII. 

120. Si quaevis figura AEFG circa fuum axem., 
AD rotara producat folidum GHMA quod fecetur 
2 y» plano EHK ad bafim normali faciente fcflioncmu 
ELHK cujus bafis H K normaliter fecetur a diame- 
tro bafis GDM in K invenire rationem fubnormaliutn 
in curvis ELH, EFG, quae refpondeant ordinatis 
IL, FC. 

• Sit BC=EI = x, IL — y, F C = © , EB = 

b , quoniam cftCF z =CL 2 =:IL 2 +-IC 2 = IL l 

E B 2 , erit vvrz y y -t- bb, quare ivdv=z iy dy t 
& vdvzz ydy t atqui fubnormalis curvae E t G eft 
vdv t & fubnormalis curvae ELH eft=y</y, ergo 

dx d x 

quoniam vdv—ydy t fubnormalcs hujufmodi curva- 

d x d x 
rum erunt squales. 

PROBL. XXVIII. 

121* Sit qualibet figurae fpecies DFH, & ubique 

3 fiat EG 2 s EF 2 +*B C 2 [ fumta fcilicet ad arbitrium 
conflanti B C } invenire rationem fubnormalium im.. 
figuris CG, DFH refipoodentium ordinatis £ G, EF. 

Sit 
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Sit E F _ y » EG= B C =: * , erit y y +- a a 
=: Wy & zydy =: z#/®, quare & ydy-vdvj 

fcilicet fubnormalcs aequantur . ~~dx~ ~dx 

PROBL. XXIX. 

122. Invenire formulam generalem fubnormalis in^ 
ang. coo rd i natarum obtufo , vel acuto . 

Sint omnia ut in probi. 25., & ponatur NG 
normalis ad curvam AG, & GF normalis diametro 
T N. Et quoniam triang. OPH, GFS funt limilia , 
erit HO:OP=:SG.:GF, m : n ~ y ; « y z: G F , 

« 1 ”* • - 

m 

& OH : HP~ GS : SF, «1 — y;;>y~SF. 


Cum autem 
CP ; PO = 


. m 

fimilia fint triang. OGP, GFN, erit 
G F : F N , tndx ±r pd y ; n dy =; n y ; 


2 m *» 
y d y a F N > atque hinc S N — 


m 


m 1 d x±T m p d y 


» y dy ± r p y =5 mn 2 ydy+-m 2 pydx±~mp 2 dy 

m z dx±-mpd y m 3 dxirm 1 p d y 

" « 2 vdy-t-mp ydx±-p 2 dy s mydy ±-p y d x , 
m 2 dx^mpdy mdx+Tpdy 

nam eft » 2 = n 2 +- p 1 [ §. r T4 . j 


PROBL. XXX. 

% 

.125. Invenire formulam generalem normalis in*, 
.ang. coordinararum reflo. 

'\av & ’?i t KT C i nin l a Ut P rob,# 5 * Et quoniam triang. 
MRr, PNM funt fimilia, erit MR; Mr= PM : 

H MN, 



M N , </x:V[</x 2 +-</y 2 J =sy: ^y_ V[<* x * +^Jt* J 

qux eft formula normalis M N . 

COROLL. r. • 

12(5. Quoniam igitur in parabola cft 2 y dyzi a d x t 

erit dy zz a ad x , hinc fubftitutndo erit /y 

4.7.7 </ x 

V(</x 2 +- - V(ix*+- L a a )» 

4 

COROLL. II. 

127. Ih circulo quoniam cft 27 dyzzadx — 2 xdx % 

2 2 2 2 
erit dy — aadx —4 axdx +r 4 xxdx , quare 

477 

fubftitucndo erit y V |Vx 2 4 - d y z ) zz 
d x 

V (4 a x — 4 vx -t-<* 4 — 4 a x 4-4XX) =r JL <r . 

4 " 1 

DEF. V. 

128. Afvmptorus curvx e(l linea five refla, (ivo 
curva, quas quo magis producitur, eo magis conti- 
nue accedit ad curvx crus, cum quo tandem coincidit. 

SCHO L. 

129. Sint dux fimiles , & squales curvx afympto- 
ticx DGL, CKN, aut AGI, BKN; quoniam- 
dufla ubilibet EG K eft R G = H I, denta, vel ad- 
. dita HG, fiet G K - E H; quare fpatium infinito 
* * longum curvis illis inferceprum erit — parallelogram- 
mn ADCB. Jam vero dufla diametro parallelogram- 
mi D R, fi ipfi F G fiat = F 1 = HK, curva DIM, 
vel B 1 M haberi- poterit pro diametro parallelograninii 

. . cur v limei 
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curvilinei ab hifce curvis intercepti, earumque fparium 
bifariam dividet; Enimvrro eft F I = EG ; hinc abla- 
ta , vel a ppofita communi FG,GI es EF, & reliqua 
1 K = F H , quare fpatium LGDIM in prima fig. ar 
triang. A O B , & reliquum M I C K N sr triang. B D C ; 
iremque in fecund. fig. LGABIM == triang. DA B, 
& reliquum fpatium M I BK N = triang. BDCj unde 
curva M I bifariam dividit fpatium curvis LG, N K 
interceptum . Quoniam autem interceptae in prima fig. 
M I DCKNr ordinatis triang. D B C , videlicet I K 
ss F H , dilts curv* I M * K N concurrent ad infini- 
tam diflantiam cum afymptoto, quippe earundem in- 
tervallum fit ~ punito B, quod cft apex cjufdemL. 
triang. Pariter in fecund. fig. curva A G L , B I M con- 
current in aliquod punitum in afymptoto infinite pro- 
du&a ; ibi enim in afymptoto abit- ki punitum D ordi- 
nata E F triang. DA B, cui sequatis clt intercepta G I. 
Curva: igitur afymproticse cum afymptoto ipfa ad infi- 
nitam diitanriam rcipfa conveniunt. 

P R O B L. XXXI. 

'130. Curvarum algebraicarum afymptotos determinare 
Sit ex: gr. hyperbole vulgaris Apollonii AMr* 

cujus zquatto, polita femidiametro C A == <*, Af E 
x, PM=j, dimidio latere rclto as b , erit ayy = 
2 a b ,v -*-b x x . Patet ex §. 35. ejufdem fubtahgentem 
PT cites: DPA =: lax-t-xx, unde fi auferatur AP 

C P ih— x 

r= x, fiet «reliqua AT = CA P ~ ~ ax ; Sed ubi A P, 

v -f- ; --r C P <n-x ' 
vel CP abit in infinitum, ipfa CA fit infinite parva, 
vel nulla relate ad AP; quare rcltang. CAP idcuL. 

. m ' ! 1 -.M I 1 .C P 

eft cum rectang. CAP,s ,<x s 42 CA; proindoque 

• ••••-• 1 - ; in A' P > x ’ • 1 * -i 

-in oafu afymptoti radi AT fit ^ G A, - fcilicet afy«t- 
i' i- i H z ptotus 



6o 

ptotus oritur cx centro hyperbolae. Nunc dufla AF 
parallela ordinatis erit T A : A F — d x : dy , At vero 
fi x ponatur infinita , erit in aequatione curvae termi- 
nus labx infinite miner termino bxx, ac proinde_» 
nullus , quare runc fiet aquario ayy — bxx s vel 7 V a 
— x V b% cujus differentia ctt dy V a— d x V b : E(t igi- 
tur d -v : d 7 = V a : V b ; l'ed d x : dy — T A : A F , ergo 
T A : AFr V a : V b , nempe T A : AF in fubduplica- 
ta ratione a : b , Sed in cafu noftro T A = CA = a % 
ergo ipfa AF~ V *b nempe eft media proportionalis 
inter femilatus redum , & dimidium tranfverfi, ut 
Apollonius dtmonftravir ; Quare fi jungantur pun$a C, 
F, habebitur pofitio reflae, quae eft hyperbolae afyrn- 
ptotus . 

Eademquc ratione determinantur afymptoti in— 
qualibet alia curva . 

SCHO.L. 

l%g. Huc ufque methodum docuimus, qua determi- 
nari poffint afymptoti in aequationibus, in quibus non 
adeft reftang. xy. Verum enim vero cum, manente^ 
reflang. xy in aequatione, modus fit aliquanto immu- 
tandus non abs re erit, qua ratione id fieri poflit, 

demonflrare . Sit igitur aequatio y3_ x .3 = «vy, erit 
3 y y /f x — - ixxdx. =5 axd y 4 - a ydx j hinc y d x 

’ y 

= 3 y ^ — <r x y , & AT ~ y/x — x s 

3 «rx — ay d y 

r jy 3 — a x y — - g x ^ — - a x y =3 . r« x y . , & loco 
ux-t-ay 2. 

5 3 3 * ■*- a >* . . 

gy 3 — g x 3 ejus valor g a x y fufficiarur . Ex quo pa- 
‘rer tolli hinc non pofTe tein.inos, qui infinite parvi funt, 
adeoque negligendi prae niajor.bus, ut fupra fa<Rum_. 
fur. Ponatur iraqtie AP infinite protenfa, fiet FM in- 
finita, Tangens vero TM tunc erit a fym ptotus, & re- 
fla A T fiet A£ > atque adeo ip(ae AC» AF afym- 

= ; ; ii pioti 
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ptoti pofitionem determinabunt. Jam vero fi dicarur 
A T =: /, erit t a , hinc j»xx+-«fy s 

3* 2 +- ay 

a*y t ac y ~ 3 1 * y = 3 * -v» fiquidem in infinitum 

ax — at a 

abeunte x , ipfa at evanefeit pr® ax, adeoque negii- 
gi ruto poteft. Hoc vero cafu — x $ 

:T a* ~ 

^ = 27 P y i -.gi Afi , & a x j — % a t x x ~ 
a? * : 

3'**» ergo 1 * xx , 

a 3 

1 7 t 3 — a 3 x 3 — ga 3 f xx» five i 7 f ? i sS 

ga ^ /x 2 a 3 x i ; fcd producum g a ^ rx 2 evane- 
fcit pr® lyt^ x$ , & a^x^, quare 2 7 » 3 = <,?, 

T 

,& t = AT= — a. * , • . 1 , ■ ■ • i 

5 “ ■ ‘ ; •[ 

Ur autem inveniatur AF, quo punDum alte- 
rum determinetur» per quod duci debeat afymptotus» 
concipiatur triang. MRr infinite diftans, & ments_, 
'intelligatur prcdufla RM in G, erit AF = y—xdy 

dx ' 

( §.48.). At vero ex differentia dat® aequationis cft * 
* y = jxx d x-i-aydx, ergo 3 —> x d y = j 
gjj — ax , ~dx~^ 

%y^ — 2 a xy — $ x% = : d xy » qu® dicatur 

« BJfJ— <** \.i 133—** ; . 

Quare 


\ 



* r « ' ' 4 

i •' 

* , \ 

« ‘ -iw «i 
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Quare zsjy—arxzzaxy, & x sS, $ryy = 3 / y; 

a y +~ a / * 

quippe abeunte in infinitum tum x, tum 7 quantitas 
as evancfcit prae «j, & <*x=: g/j, unde a x . 


3 J 

Sed jr s g rx , & g j ss 9 t x , quare * x = 4 2 x ss 
« « 3 J 9 '* 

a 2 . Sed f = — 4, ergo a 2 ~ — a ~ s — A F . 

g 0 g 

9 1 9 1 


Hinc fi fumantur AF, & AC=:~ 4» junfla re<fta_. 


CF> & indefinite produdla erit curvs AM afymptotus» 


COROLL. 


Ig2* Unde confiat methodum * qua ducuntur afym- 
ptoti eandem efie cum methodo, qua tangentes derer- 
minantur , hoc tamen diferimine , quod ad ducendas 
tangentes fatis eft invenire pumfium T, unde duci po- 
.left re<fia T M, in ducendis vero afymptotis pun$um_. 
aliud F determinari debet ob infinitam difiantiam pun- 
florum T , M , qua fit , ut eadem. pun<fia nulla reda 
linea conjungi poilint . 

PROBL. XXXII. 


&g- 33 - 


* Vid. Memoirs 
of tbe Rojal 
Societ j. 


igg. Data relatione inter abfeifiam A B, & fub- 
normalem N fi invenire srquationem , qux curvs A C 
naturam definiat. 

Quoniam eft NBTsr BC 2 multiplicentur om. 
pes ter initu. N B denotantes per terminum A B prius 
in diverfos ignotos numeros multiplicatum , & produ- 

fium ponatur =: BC 2 . 

Ratio regulae colligitur ex methodo, qua Cl. F. 
Lucius tangentes ducit * Sit igitur A fi = x» BC=j, 

numeri 
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numen ignoti p, q y r , /, f, quantitates vero notie, 
& determinatae a y b, c , e. 

Sif I. BN s i, fiat bpx s jfY* erit aequatio 
curvae quaefitae ad parabolam. 

Sit II. B N — b-+- x t erit bpx-*-qxxzz yy. 
S.it III. B N xx -4— c , erit rx^ cr x j J 

Sit IV. 

.3 " ' ,1 

r * ^ t- j t ^ - 7J . 

*. ‘ € e e-. 

Sit V. B N — b ^ , erit bp* ~ j t Q ducatur 

, X X X 

b ^ in px» 

X X 

. Atque hae funt aequationes rcfpedivc determi- 
nantes harum curvarum naturam, modo determinentur 
incognita: quantitates p y q y r y /, t &c. quod qua ra- 
tione fiat lequenti probi, demonftrabitur . 

PROBL. XXXIU. 

M4* Quantitates incognitas fuperioris methodi de- 

terminare. 

Inveniatur curvae tangens per aequationem Qipra 
adinventam, ejufque valor cum valere dato conferatur, 
fingulos terminos cum fingulis comparando , & fic quan- 
titates ignota: p y q y r f /, t &c. determinabuntur. 

Ex. gr. cum fit be : eC= CB : B N, dx:dy as 
y '■ ,y dy — BN , fumatur differentia aequationis inventae, 
d x 

quo valor ipfius B.N, a differentiis liber inveniatur, & 
cum valore ejufdem antea dato comparetur. 

Sit 
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Sit igitur I. bpxzzyyt erit bpdx~ iydy y & 

L b p ss y dy; fed prius erat eadem BN = £, ergo b 
‘ 2 ~dx~ 

bp t & p ~ 2, proiodeque «quatio illa bpxzzyy 
vertetur in lbx — yy. 

II. Quoniam eft b px-t-qxx^ yy y erit bpdx 
+- iqxdx zz zy dy , & bp+-iqx~ydy. Sed prius 

. • z d x 

erat BN = b +- x , quare £ s 6/>, & p = 2 ; itcm_* 

. - ' ' 2 

x zz qx , hinc ^ s= 1 . Suffeftis itaque his valoribus fiet 

«quatio 2£x+-x 2 s=y 2 . * 

I I I . Sit rx 3 +-c/x =: y y , erit j rxxVx -t- 

4 a 

t tdx~ ly dy, & y^yzrjrxx-f-icx, hin c 3 r x x 
d x 2 a 2 <* 

s= x x , & r “ 2; item — e s zz e, &. t zz 2, quare ha- 

V “ 

bebitur «quatio 2 x 3 2 e x es y y; Et fic de ceteris* 

T*~ 
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SECTIO II. 

De Calculo Differentiarum fecundarum . 

CAT. I. 

De Natura Calculi Differentiarum fecundarum. 
DEFINITIO I. 

. . J ' 

AI culus differentiarum fecundarum eft me- 
thodos, qua differentiarum primarum^, 
differentiae determinantur, feu quantita- 
tum variabilium w differentiae fecundae ex 
primis inveniuntur. 

DEF. II. * 

I yfi» Differentia, fivc quantitas infinite parva, qua 
vel augetur, vel minuitur quolibet inflanti quantitas 
variabilis x, vel y , ve! v &c. tunc dicitur differentia 
con/lanr, cum eft (ibi femper squalis, fcilicet neque in- 
crementum , neque decrementum fufcipit : Ita ex. gr. fi 
haec quantitas ut rfx, vel rfy, vel d v &c. ea nempej> 
quae ntque incrementum, neque decrementum fufeipiar, 
eam dicimus conflantem . Contra .vero eandem vocamus 
variabilem , fi quolibet inflanti incrementum aliquod, 
vel decrementum fufeipiat infinite parvum relate ad fe 
ipfarn . 

• f 'DEF. III. 

137. Incrementum, vel decrementum infinite parvum, 

3 uod quantitas infinitefima, fivc differentia variablis 
x, vel d y, vel dv &c. fufcipit quolibet inflanti, 
dicitur differentia differenti* , fivc differenti* fecunda , 
Quod fi haec differentia fecunda fit pariter variabilis, 
quantitas infinite parva relate ad fe ipfana, qua auge- 
tur, vel minuitur quolibet inflanti, dicitur differentia u. 
tertia t & fic deinceps. 



V, 


I 


co- 



T COROLt. 

138. Quoniam vero differenti» JnfTnitp parvar quan- 
titatum variabilium exprimuntur per notam , fcu litte- 
ram d (§.4.] differenti» differentiarum, five differen- 
tiae fecundae carundem quantitatum exprimentur per 
duplicem d , nempe dd. Ita differentia ipOus dy , fwc 

differentia fecunda ipfius j erit ddy y vel d 2 y y ea- 
demque ratione differentia ipftus ddy erit dddy y vel 

d ^ y , quae dici poterit differentia tertia ipfius j y & 
fic deinceps. 

PROBL. XXXIV. 

139. Quantitatum ex differentiis compofitarum dif- 
ferentias , fcilicet differentiarum primarum differentias 
invenire . 

Eruatur I. ex circumftantiis cafuum fpecial;um_, 
quaenam fint quantitates conflantes, ut earum differen- 
tis fecundx fintano, qusnam vero variabiles# II. L< cp 
quantitatis , qus fumenda eff ut conflans ponatur 
quantitas quspiam conflans , nempe p, vel q y vel r 
&c. III. Loco quantitatis variabilis ponatur nova igno- 
ta i IV. tandem, & ultimo fumantur differentis juxta 
pcgulas,quas Cap. , 1 . Scfl. I, tradidimus, ubi de Tumen- 
dis differentiis quantitatum variabilium agebamus. Rem 
Iiluliremus exemplis. 

Sit igitur qusrenda differentia quantitatis txix. 

• J7T* 

Si fumenda fft dx conflans, ejufdem loco ponatur p, 
& loco dy ponatur z y migrabit iraque propofita quan- 
titas in hanc exp, Fiat cxp~v y «iit (xpzzyzv, 

& ffimtis differentiis cpd x sr yz d t> -i-yvd z +-z v d y y 
five cpdx — x>pdy — yvdzz: yzdv. Reftiruatur 
nunc priflinus ralor ruantitatum , quas in alias com- 
mutavimus j nempe dx loco p , dy foco z, , & ddj 

loco d z , & erit c dx 1 — c x d xdy—.cy x ix d dy zz 

I T ydy 
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vdydvy fivc cyiydx 2 ^c^d* dy 2 — cyxd xddyzzdv» 

.. , . ... .. .. . ~ jrj-ijp* ?* 

Sit determinanda differentia quantitatis dy 2 . . 

Quoniam d y cft quadratum ipfius dy t fiat [dyz: Vy 
- _ ■ ** 9 \ - 
erit dy zz Wy hinc differentia ipfius dy zz. differ’ 

rentiae ipfius <vvzz lvdv. Loco s», Sc dv fuffician- 

tur eorundem valores dyy & ddy y & eri? differcn r 

tia quantitatis dy 1 — idyddy. 

Sit invenienda differentia quantitatis V (dx +- dy ; 

d x 

dk dx ponatur conflans es p : Ergo data quantitas ver* 
tetur in V (/> 2 2 ), quae fiat =; a . Erit igitur 


V( f 2 -b-dy 2 } = pZy & pp+-dy 3 'zzppzz y '{umt\fqiiB 
differentiis idyddyzz i ppzdzy tfve dyddyzz dti. 

ppz~ 

Reffi tuantur valores pp, & *,eritque dyddy' 


zz d z . 


dxV(dx 2 -t-dy 2 ) 

■ * •»*•'*.* 

Sit pariter vefliganda differentia . qyantitatis 
- 2 2 ■' » • * r 

pV(dx -+~dy ). Fiat dy y quae hic adfumitur ut 

dy 

conflatis, zs p y & propofita quantitas vertetur in_, 
1 2 

t> \ [dx +-dv ], quae ponatur zz z>», Erit ergo 

> l .f • • • / ; i ' i . i: . • . 




v V [ d x 2 +-dv 2 ] zz pZy & wd x 2 +-t>vdv 2 

fpzzy quare ivdvdx 2 +-ivvdxddx-t-ivdv^ 
v " I 2 -+- 



♦ Apfend: 2. De 
trantform: curv. 
Coroll.8,Tbeor,it 

Fig- 34 ' 


63 

■#- 2 v vi V d d V XX, l p p Z d Z * & , , . 

x> d V d x^ -4-vv d x d dx 4- v d v^ 4- w d v d d v =3 


p pz 

dz. Loco ppt & z fufficiantur eorum valores fice 
vivdx -+— v v d x d d x 4— v d v * ■+— v v d v d i v 33 
v d yV [d x 1 4- d v 1 ] 

d V d x 1 4 -v d x d d x4- dv^> 4 - V d v d dv =3 d Z • 
dyV(dx 1 4 - dv 1 ) 

Eodem plane modo fumuntur differentiae tertis, 
quartae, quintae &c. quantitatum variabilium, nimirum 
fi iifdcm legibus, ac primx traflentur. 

NOTA 


140. Adnotandum hic cft in quovis aequationis mem- 
bro differentiaiia fimul fumta eundem dimenfionum nu- 
merum efficere ; nempe fi in uno membro adfuerit dy * 9 
aderit in aliis aut d x ^ , aut dx dy 1 , aut dydx 2 , 
quod patet • 

* SCHOL. 


141. Lubet autem hic inquirere In hujufmodi diffe- 
rentias fecundas , teTtias , quartas &c. ordinatarum ad 
curvam, in qua ipfae dx ponuntur conflantes, & me- 
thodum geometricam adferre ex Cl. GLJIDONE 
GRANDIO depromtam * qua differenti» fecundx 
ex primis, tertiae ex fecundis, ex tertiis quartae, idque 
fine ullo limite, determinentur. Si ad axem AG con- 
flitura fit figura ABC cujus ducatur tangens CT, & 
fiat femper ut fubtangens G T ad GC, ita re<Aa aliqua 
conflans AK ad GN, orietur nova curva QJLMN, 

in- 
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in qua primae differentiae «M ordinatarum NG 
proportione rcfpondcbunt fecundis differentiis or- 
dinatarum CG in curva priore. Si enimvero ducatur 
ag M infinite proxima ipfi CGN, & agatur N m, 
parallela axi AG , cum fit Cc : ea = CG : 
GT= GN : AK» erit re&ang. Cc. A K =5 reftang. 
ea. GN ; Quare fi A G ponatur =: x, GC = j, Cc =r 
dy y Gg—dx, GN-o= mM dv. erit ady^vdx^ 
quapropter fumtis differentiis, & dx polita conflante, 
erit ad dy=. dvdx> five addy ■=: dv : Hinc cum a , 

d x 

& d x finf conflantes, dv proportionalis erit ipfi dd y, 
nempe differentia prima ordinate G N proportionalis 
erit differenti* fecundat ordinate GC; Eit enim a : d x 
rr dv : ddy j Sed a : d x — v : d y , nam a d y = v dx , 
ergo v : dy = dv : ddy , GN ad Ce primam differen- 
tiam ipfius CG , ut prima differentia m M ipfius 
G N ad differentiam fecundam ipfius C G. 

Eadem ratione effet fecunda differentia ipfius G N 
proportionalis tertie differenti* ipfius CG, & fic de- 
inceps . 
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CAP. II. 


De Ufu Calculi Differentiarum di ver fi ordinis 
in quxftionibus de Maximis, & Minimis. 

DEFINITIO. 

J42. /~\Uando natura variabilis quantitatis ea eft , at 
continuo crefcat fine limite, aut decrcfcat , 
donec penitus evanefeens fiat=:o, tunc nul- 
la ejufdem magnitudo potcll adfignari, quae dici valeat 
maxima, vei minima; Quando vero linies aliquis eft 
conflitutus, quem variabilis quantitas continuo crefccns, 
vel decrefccns praftergredi non poteft , & terminus eft 
adfignabilis, ubi eadem quantitas hujufmodi limitem at- 
tingit,' quantitas illa fub hunc limitem dicitur maxima , 
vel minima. Sit curva ABD, cujus ordinat* FG, fg 
* fint fibi mutuo parallelae, in caquc crcfcentibus abfcif- 
fis ordinatae ad cerrum ufque , fiatutumque limitem , 
’ nempe ad ordinatam BC crefcant, aut decrefcant, mox 
ultra hanc ordinatam , quae crcfcebant decrefcant iden- 
tidem, vel nullae fint, & contra crcfcentibus abfcifsis 
ordinatae decrefcant ufque ad aliquod punftum, five ad 
ordinatam BC, pofi quam aut crefcant , aut nullae fint 
amplius ordinat* , locus in quo ordinarim pofirae per- 
mutantur, fcilicet ordinata BC dicitur maxima , vel 
minima quantitas ; quzilio vero de hujufmodi quanti- 
tatibus inveniendis quaefiio de maxima , vel miptmis 
appellatur. 

COROLL. 


143. Hinc patet hujufmodi quaeftiones eo redire , ut 
detegatur cujufnam longitudinis elle debeat abfeifia , 
quo eidem refpondcns ordinata fit omnium maxima, 
vel minima. 

THEOREMA II. 

144. i . Si xurva AGB concavitatem axi obvertat, 
ejufque ordinat* feiopcr crefcant ufque ad limitem., 

CB, 
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CB, differentia ordinatarum fub hunc limitem fiet nulla. 

Cum enim in pumfio B tangens BH fiat ba fi 
ACD paralkla ( §. 76.) adeoque corcipi polLt vclut 
ad infinitam diflantiam cum eadem concurrens, fubtan- 
gens p>dx abibit in infinitum ; quoniam vero eft dy : 
dy 

d x = J - «it dy = o; ratio fiquident ipfius y 

dy ■ 

ad fubtangentem eft ratio finiri ad infinitum, feu ea- 
dem cum ratione 0:1, dx vero conflans, ac proinde 
dy nuiia relate ad dx. 

COROLL. 

145. Hinc quoties differentia ordinatx, nempe dy 
fiet = o, emerget valor ordinatae omnium maximae. 

THEOREMA III. 

14*5. Si curva convexitatem axi obvertat, & ordi- 
natae decrefcanr ufquc ad limitem BC, in eo differen- 
tia ordinatarum fiet nulla. 

Fodem plane modo demonftratur , quo prscc- 

dens Theorema •- - • 

COROLL. 

147* __ Confiat hinc, quod fi dy ponatur =s o, deter- 
minabitur valor indeterminatae y omnium minimae. J 


THEOREMA IV.- 

148. Si evanefeente differentia prima ordinatae, ejufi- 
dem differentia fecunda fit pefitiva , tunc ordinata eft 
minima , maxima vero , fi ejufdem differentia fecunda 
fit negativa . 

. I 11 * cx Mac- Laurino #. Sit enim vero or- 

dinata C B d E , CK = x, erit ordinata KG == E +- 

d E x -i- d d E x 3, +- d d d E x ^ &c. Ponatur eninx. 


d x 


2 dx 


6d x ^ 


Fig- 35 * 


* Cap. 5. lib. 2. 
art.8^8.1reatifc 
oj Fluxioni . 
Fundem vide 
Cap. 9. lib. I. 


y exprimi per feriem hujufce formae A-f-B*-t-C* ? 

io qua quantitates A, B,. C, V 


rc- 
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repraefentant coefficientes invariabiles, quorum quilibet 
fupponi poteli evanefeere; Ubi x evanefeir, fit E va- 
valor ipfius j , & d E, dd E, ddd E fint tunc refpe- 
ftivi vaiores quantitatum d y, dd y ddd y &c. Tunc 

'y =3 E 4 -i/Ejf +- ddEx 2 -*-dddEx^-b- &c. Patet 

1 . 2 . 3^x3 

lex continuationis feriei ; Nam quoniam y ss A ■*- B x 

> 4 -Cx 2 -*-Dx 3 +- &c. fequitur, quod ubi x zz o , 
A fit == y. Sed [ hypoth. J tunc E = y » ergo A =: E » 
Sumantur differentiae, erit dy = tid x +- iCxd x +- 

3 D x 2 dx -t- &c. Quare y =: B +- 2 C x •+- 3 D x 2 

x 

+- &c. Sed ubi x zz o, fit B =: d y = ^ E ; Rurfus 
, rfx ^x 

fumantur differentiae etit ddyzz iCdx -*-6Dxdx 
+- &c. & d dy zz zC+-i$Dx 2 +- &c. Sit x s o 
^ • 

erit 2C= d dy — d d E, & Czz </i/E . Iterum^ 

</x 2 </x 2 id X 1 J 

fumantur differentiae, erit d d d y zz 6Ddx i t & 
d dd y zz 6D+- &c. pofitoquc x s o , erit D = ddd y , 

</x 3 • x 3^ 

adeoque y si A +- Bx +-Cx 2 +- Dx 5 4 -&C. erit =3 

E d E x +~ d d E x 2 -f- ddd E x 3 -f- &C» Hoc 

i . i d x 1 i.2«g<fx3 . 
demonflrato fumatur CF ad alteram plagam ipfius C 

s CKi tunc ordinata F A crit=: A — Bx-t- Cx 2 — 

D x3 
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Dx 5 4-&c.= E — dEx + ddEx 2 —dddEx* 

d X 


7 i 

- &c. 


2 dx 


6 d x ^ 


Ponamus nunc J E =: o, tunc K G — E * +-dd Ex 2 &c* 

1 dx 2 

& F A = E * 4— d d E x 2 — &c. : Quare fi diftantix 

2 d X 2 

CK, CF fint minim* , ordinat* KG, FA eycedent 
• mbx ordinatam C B, (i d d F fit pofitiva, fi vero fue- 
rit nega riva, erunt amb* minores ipfa CB. Quod fi 
pr*fcr d E evanefeat etiam ipfa dd F, & ddd E non 
evanefeat fimul altera ex ordinatis KG, FA erit> C B, 
altera vero minor , ira ut in hoc cafu ordinata fit nec 
Biaxima , nec minima. 

Generarim fi differentia prima ordinat* cum dif- 
ferentiis divtrforum ordinum fubfequentium evanefeat , 
ordinata eft minima , vel maxima, quando numerus il- 
larum omnium differentiarum, qu* evanefcunr cft r, 
3 5, vel quilibet numerus impar ; ordinata nempe eft 
minima, quando differentia proxime fequens illam, ouae 
evanefeit cft pofitiva; maxima vero, quando h*c diffe- 
rentia cft negativa . Hoc patet ex comparatione valo- 
xum ipfarum KG, FA. Sed fi numerus differentiarum 
omnium ordinat* primi, & fubfequentium fucceflivo- 
rum ordinum, qu* evanefcunr, fit numerus par, ordi- 
nata eft nec maxima , nec minima. 

F*c valent etiam pro radiis, qui a dato pun 
flo ducuntur ad curvam . * 

PROBL. XXXV. 


* Eodem Cap. g. 
art . 277. 


149. Determinare vaiores ignotx x, ubi valor quan- 

• titatis — 28 a 4-84 aaxx — 96*^ ^4-48« ^ 
fit maximus, vei minimus. 

„ .. j K ' Sumatui 
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fumatur differentia propofif* quantitati*,' Sc- 
«quetur nihilo , erit l 2 x ^ x — 8 4 a x 1 A x +- 
\68 a4X A x -~<)6 a^ A x zz o 1 wei x^ — faxx-t- 
t 4d«A- — 84^ =: Oj cujus Aquationis radices funt a , 

2 a f 4 a - 


150. Ut autem cognofcatur, qusnam ex hifce radi- 
cibus praebeat maximum, quz vero minimum, fuman- 
tur differentis fecundae ejufdem quantitatis , erit 

3 x x </ x 1 — * i44xr/x 2 -f-t444/fx 2 =o; Nunc 

Joco x fufficiatur 4, habebitur $a 4 A x 1 1 4 a 4 A x 1 


« 

•d-t^aaAx zzo; Quare ctim differentis fecunds rtf 
•fine cafu fint pofitivs, radix a prsbebit minimum « 
Subftituatur nunc loco x radix 2 a , habebitur 

l 244 </x 2 — 28 44</x 2 4-i 4 a 4 A x 1 ~ o; cuhl, 
itaque differentis fecundae in hoc cafu fint negativs, 
ladix 2 4 prsbebit maximum. Denique loco x fulcia- 
tur 44, emerget 48 aaAx 1 — $ 6 aaAx 1 a~! 4 44//x 2 
Tz o, proindeque cum differentis fecunds in hoc cafu 
"fint pofitivs, radbt 44 prsbebit minimum. Ulterius ut 
detegatur, utra ex duabus minimis radicibus prsbeat 
niinimun» valorem, fulficiatur ea in ptopofita quantitate, 
& qus minimum prsbebit valorem, erit minima . 

Quoniam itaque fuffefla a habetur 

9 t 54 4 -K 4 8 f 4 w 4 8 f 4_ 374l 4 , f u ff c fta^ 

vero 44 habetur 4 8 c ^ — (5 4 a 4 , patet radicem 44 eflfe 
minimam, & minimum valorem propofits quantitatis* 


SCHOL. II. 


i<t. Tn omni qusftione de maximis, & minimis qus- 
liref quantitas indeterminata , ex aliis, ut libuciit, 
compofita concipienda tfi ad inliac otdinats ad aliquam 

curvam , 
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curvam* eaque ponenda tft rqUalis afferi Indetermina- 
tae * ea quidem lege ut fi quaeitio proponatur de mini- 
ma quantitate invenienda figura ad conftruAioncm ex- 
cogitata cum minima ordinatarum fit defcnbcnda * fe- 
tus vero * fi quaertio inltituatur de maxima; cx quo 
fiet ut ubi cadit maxima» vel minima ordinata hujufmo- 
di curva;» ibi maxima» vel minima quaelita quantitas 
habeatur. . , 

PROBL. XXXVI. 

Ij2. fnvenire maximam» vel minimam ordinatam 
in curva aequatione cy=.aa+- zbx~—xx. 

Erit ergo c d yzz i b d x — ixdxtikcddyzz — 

2dx Z ; ergo ordinata elfe debet maxima (§.148.)* 
Quoniam vero cdy~ zbdx~zxdx t erit d y zs 

d x 

ji-ix. Ponatur dy = o, erit zb — zx sz o t & re 
c 

z=. b, & y ~ aa-t-bb, 

PROBL. XXXVIT. 

15;. Determinare maximam » vel minimam ordina- 
tam in curva, ad quam ay^ — a bx x — bx^ . 

Erit igitur yy d yzz z ab x d x «— %b X x d x « 

Si dy z= zabxdx — ^bxxdx', hinc ddyzz — 

, - ' * <• ••y ' 

2 bbxx d x* j ordinata igitur erit maxima ; cum autem 


gy* , 

fit d y = labxdx—T, b x* d x e rit d y a 

layy dx 

2abx—%bxt e. Ponatur dyz=o t «it zabx^%bx* 

~i*jy 

2 • • ? 

52 o, &. x s: — »1 proindeque y ss Xf ^aab ,. 

• “b 

K a PRO- 



:/ PROBL. XXXVIIT. # * 

154. Determinare maximam, vei minimam ordina» 
tu 11 1 in curva, ad quam ty — lxx — lbx-*-iaa-*-bb, 
Jb.it t dy = qxdx — zbdxy 6 l ddy=: 4 xdx j 

c 

ergo ordinata cft minima • Quod fi ponatur dyzz o, 
erit 4x= iby & — b = x, & j = -• bb -*-iact . 


* 5 5 - 


PROBL. XXXIX. 

Invenire maximam , vel minimam ordina» 


tam in curva aequationis ay — b —lcx^-xx. 

Erit ady—zcdx-t-zxdxy&ddy— idx Z ; 

a 

ergo, quoniam pofito dy zz o, fit x~ cy erit minima 
ordinata = bb—cc t fi b fit > c. 


PROBL. XL. 

15 6. Invenire maximam, vel minimam ordinatam ir» 

curva , ad quam y* ~ « x ^ * 4 . 

f ' Erit ergo 4 y$ dy — jaxx//x«4rWx, St 

t , . 

iyzz.^ axxd x— 4X 3 dx> hinc pofito dy =s o , erit 
1 V* 

3 a xx ts 4* 3 , Si x — ~^ a * ordinata vero huic ab- 

fcifix refpondens efl omnium maxima, cum ejus diffe- 
rentia fecunda fit negativa . 

PROBL. X L I. 

Invenire maximam ordinaram ia curva, ad 


15T 

quamx** •♦-2X'” y 


4a_2X 2 * 2 ■+- y* ^ a z x 2 4 2 y 2 =0. 

X felit 
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'/ ' Erit' igitur 4*^ </ x 4- qxxyjy 4- 4 jyxdx 4- 

J ... * • 

4 J^J — aaaicdx 4-2 a aj> djpa o, & rfjr =3 * 

X n nx dx — 4 x ^ x — 4 y yxix 3 o . hinc inax — 

: 4* x J+- 4J* *•* 4 

4X ? =5 47jx, hoc eft -i aa — xx =3 yyi Loco yy fu£ 

ficiatur in aequatione propofita ipfius valor, erit — 

««xx 4-— 4 4 -««xx=: o, five — a 4 —. 2 ««xx^ 

2 4 .. 

o, & i a a = xx, five x = ^-|aa, quae eft abfcif- 

fa maximam determinans ordinatam in data curva ; 

Nunc fi loco x fubftituatur ejufdem valor in aequatio* 

ne , erit quantitas maximae ordinatx =: 9 a 4 4- 6 

~ 6 ^ ~~ T 

* •+- J 4 — J_ a 4 4 - tf « jfjr SS O , nempe y 4 4 -_x 4 

8 1 8“ 

a ayy - 1 5 a 4 , hoc eft jj» = -g a a . 

64 , .• ' , > ■ \ 

Quod analytico calculo inventum eft , fynthetice 
demonftremus . Eft quidcip A F ihDs AB;BD = F/ F 2 I 

F A D : F DA = AK 2 :KR 2 , & F D ; DC= FDC: * 

FCD = ED 2 :EC 2 = ED^AK 2 ; eft enim ECs 
A K ; ergo ex sequo perturbate A F : F C = D E : 

K R 2 . Sed A F eft dupla ipfius F C, ergo DE 2 du- 
plum eft KR 2 . Si itaque ponatur ubique DV 2 =: -i 

2 

r D 
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Tb\ z , M 6 i ut IllipfisC VF, erit DVs KR;& 
VK parallela ipfi At determinabit in fubtcnfa AB puo- 
/tum K ad cutvain, de qua nunc agitur. Ex quo pa- 
let maximam ordinatam ibi reperiri , ubi K V pertin- 
git ad pttnftuip O dimidium. Eliiptis , adeoquo 

KR 2 = ~ QN 2 . Sed - Q^N 2 = 4 **» «go patet 

2 2 9 

propcfimro . Denique t»m Iit AR 2 +-RK r = CD Z +* 
DE 2 =CDVjR K 2 * erit AR 2 = CD 2 -t-RK 2 = 
C D 2 4 -D V 2 = C V 2 ; pofita ergo abfcifla A R , cui 
B>axima refperdct ordinata , erit A R l r CO 4 » Sed 
CO J = CN 2 +-N0 2 = i <«+- i aazz $ aa f 

' ~ T" 8 

ergoxxsr % aazz % quadrati radii C N, vel N Q^i 

8~ z 

unde pater propofitum . 

PROBL. X1IT, 

' 15 ?. Propofitum numerum ira in duas partes divi- 
dere, ut faiftum ex iifdem #7r omnium maximum . 

Propolitus numerus Gr = a , alrera cy eiiifdcnu. 
partibus fir t= y , erir alrera a ■— * & faflum ex 
jifdem == *y~~ yjx quare, fumtis differentiis, ent ad j 

~ 2 j o, & y = ~ a . 

PROBL. XtMf. 

• J5d* Invenite fraflionem» cujus quadratum excedat 
cubum quantitate omnium maxima . 

Ponatur quaefira fraflio = x, erit ergo ejufdcm 

quadratum == x x, & cubuserx^, quare exccflus quan- 
titatis y» fupra cubum x 3 exprimetur per xx— xJ, 
hinc ix dx— jxxi/x=; o, & x = 2 . 

HT 

PRO» 
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PR OBI.. XttV* ‘ 

\ 6 o. Dato fcmicirculo AG VB invenire aggregatum 
Chordae BG, & ordinata G D -omnium max^munt. 

Sit circuli diameter AB=<r, BD=:x, erit 
D G =: V ( t * ) , & B G = Vox* quare qusefitum 
a gg rc S-*fum erit = V[<rx- xxJ-t-Vtfxsj. Suman- 
tur ditfcrcnti*» erit a d x— i x d x +- 4 d x =3 

iV(rfx-^x) 2 V a x 
(adx— 2xdx)i V ur+- iadx V(trx »xx)a<y=o; 

2 V [a x— x x J 2 V a x 

hinc aV(ax— xx) = (ix- a) Vax, & * 3 x~* 

, 

a axx zz 44X^ — -4^rtfxX4-tfVx, nempe x =: — a . 

"PROBL; XLV. 4 

ti 5 i. Invenire maximum rcftang. ex finu comple» 
menti G D in G E tangentem femiarcus G V . 

Sit circuli radius = a , Vf s x, erit F G rs 
V ( 2 <r x — x x J & GD=n — x . Ef! autem G F : G C 
& V b 1 E G , V ( 2 * x — x ; a x 

V( 2«X — XX-) 

s FG , quo duflo in GD = FC = «- x, fiet 
* a x — a x x , fumtifque differentiis, & nccelfariis io- 

V(2«x — x 2 ] 

Artutis operationibus , erit a 3 xdx^ax 3 <tx— 7 ) 44 xxdx 

^ * 
[ t#*« xx] 1 

rro ; Quare a <r=r ^arx — xx, nempe 54— x: a—a:x. 
Fiat FC=rf — x — r, erit ai* =; 2.2 r: [a +- a ] 
2 = ( VC -i- F C ] F C . Sed ob ang. reflum tangen- 
tis tft a a — P C F , ergo ( V C 4 - F C ) FCs HCF, 
adeoque VC-*-CF=HC, & HF=VC,autGC, 
vel H V=FC, Quare H G fecatur extrema , ac me- 
dia ratione in F • Eft enim H F : F C =r H F 1 : F G* 
s= CC l :GF 2 =GH i ;HF 1 =CH;HF. 


PRO- 



probl. xrvr. 

162, Datam reCam A D utcumque feCam ih C ite- 
rum fecare in B, ut aggregatum quadratorum AB, 
B C , B D fit omnium minimum . 

Elio A B = x , AC zz a, CD= i, erit B C =: 

4 — x, BD = «+-i- x; hinc A B 2 -r- B C 2 -*- B D 2 

5 3XX-4«X-2ix+-I««+-24t4-H,& 6xdx 

— 4 a d x — il d x =r o , auare 3 x = 2 -*- £ , & x =: 

2 a -r— b zs 1 - 4 -t— <r -t- e> ; unde A B ~ 1 fu minar 


AC, A B , & punCum B eft centrum gravitatis trium 
punCorum A , C , D . 

: PROBL. XLVtl. 

« - I * 

itfj. Datam reCam A D ira fecare in B, ut pro- 
ducum ex A B 2 in B D 3 fit omnium aliorum fimilium 
produCorum maximum . 

Ponatur quaefita A 8= x, & data AD — a % erit 
AB 2 =xx, & B = ai — ^jax+-^axx— x5 , 

& A B 2 in BD3 = «^xx— ]aaxl- f-jax4-x5, . 
quod quidem ut aequetur maximo, ponenda eft ejufdenj 

differentia = o ; Erit itaque ia 7 ' xdx — gaaxxdx •+- 

I24X^ l/x- JX^</X=0,&X^ - I24XX+- 9 

aax~ -2 a} == o, cujus aequationis radices funtx*— 


— o,x— 4 — o, x— 2 a — o , five x s= a , x 

5 

a t x == 2 d, quae eft vera radix ad problematis 
5 , 

folutionem perducens . 


PRO- 
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'/.PROBL* xivm. 

164. Determinare punaum A in data peripheria 
circuli ECB, ex quo fi ad data puofta F, H inclinen- 
tur ren® Ab, AH» angulus FAH fit omnium poili- 
bilium maximus, aut minimus ; oportet autem dara_« 
punda, vc! ambo fimul extra, vel ambo intra datanx. 
peripheriam contineri . 

Ducatur per datum punaum H quaevis reaa^, 
HB fecans circulum in I, & juufta FH, fiat ut FH : 
HB=HI:HG; erit ergo reaang. FHG=BH I; 
Ducatur nunc ex D tangens circuli GCD, & junaaJ 
H C fecans circulum in A , conneaatur F A , qu® cir- 
culo in E occurrat, & jungatur EC; Dico faaum . 

Quoniam enim reaang. AHCr BH 1 rFHG, 
ergo per punaa A, C, G, F tranfit circulus; quaro 
ang. H G C = C A E = ECG; adeoque E C eft paral- 
lela F G ; proindeque triang. C A E , H A F funt fi mi- 
lia » ergo circulus triang. HAF circumfcriptus tanget 
circulum circun feriptuni CAE, adeoque ang. H A F 
eft maximus, aut minimus pro ut ad remotiorem, vel 
propiorem circumferenti® partem extenditur ; Ubi ve- 
ro utrumque punaum H, F eft intra circulum, fem- 
per ang. elt maximus eorum , qui ad cafdem partes fie- 
ri poliunt , ad portionem tamen minorem fit major , & 
ad majorem minor. 

PROBL. XLIX. 

iA{. Per datum punaum E fub dato ang. ABC in- 
clinare rcaam EDA, ut fumma laterum rescaoruixu. 
B A, BD fir omnium minima. 

Ducatur EF parallela ipfi BC, & Iit EF=:<r, 
F B = b y F A = x, ergo A B =: x -4 -b. Et quoniam,, 
triang. A F E , A BD funt firoilia, erit A F : F E~ A B: 
BD»x:<i=x-t-F;#-t_tfF — BD; hinc fumma la- 

x 

terum a a +- a b x +- b , cjufque differentiae; — 
x 

L ab 


Fig. 3 8 . 
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*bdx+-dxc=.o\ Quare abdx zz xxdx, & a bzzx x t 

XX 

adeoque x media proportionalis inter * y & b y livo 
inter E F , F B . 

Si quaeratur minima limma quadratorum AB» BD» 
erit hsec s aa-*-zaab-t-a abb+-xx+-zbx- 4 - b b % 

X XX 

cujus differentia zz — zaabdx— zaabbxdx-t-ixdx 

xx 4 

x ^ 

4-2 bdxzz o y & inliituta multiplicatione per x ^ , 

& di vifione per zdx fiet x* +- b x ^ —a ab x — aabb 

= o, & tandem dividendo per x+ -b fiet x^=.aab t 
Quare x: b = aa: xx y & x prima duarum media- 
rum continue proportionalium inter a, & b. 

Non abfimili ratione invenirur minima fumma 
cuborum , & generarim minima fumma quarumlibet po- 
icitatnm eorundem laterum . 

PROBL. L. 

166. Fx punflis A, B a refla FF inaequaliter di- 
flantibus reflas AC» BC ad aliquod ejufdcm punflum 
C ita inclinare, ut reflang. ACB fit omnium maximum. 

Ducatur ipfi EF normalis A E, qua: ponatur — 
4, eidemque normalis altera BF, qu® fit = b , inter- 
cepta vero FF fit = c. Ponatur praeterea F C = x, 
erit A C =V ( a a+-xx) y & C B =:V (cc — 2rx-t-xx-»-&6); 
Quare reflang. ACB erit = V[ aacc+- ci xx — zaucx—- 

2 c x ^ -t- aaxx-t-x ^ a- a a bb -t —bbxx], cujus differentia 

texdx—aa c d x — 3 cxxdx +- aaxdx 2 x^ dx +-bbxdx 

V [a ac c -+-CCXX — zaaex — zcx 3 -t-aaxx-i-x^-t-aabb-i-bbxx] 

poni debet = o ; hinc 2x 3 -t-ccx -*-attx-*-bbx — aae 
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+-JCXX, & inftitufa divifionc per x, erit i**+- 
cc4-aa+-bb=:aac-*-%cxy & ablaro utrinque xx 

x 

4_ icx 4- aa , habebitur xx— ic x +- cc +- bbz: c a a 

, x 

— xx-t- ex — a a zz ea a— x 5 -f- e x x — * a xy hoc 

x 

eft x : e — x =: *<*■+- xx : bb+-cc — icx+- xx, nem- 
pe E C : C F = A C 2 : C B 2 , ve! dufla C D parallela 
ipfi B F , A D : D B = AC 2 :CB 2 . 

Quod autem reftang. A C B fit minimum, fic 
oftendi poteft ; quoties nempe fuerit EC:CF=AC 2 : 

C B 2 * Ponatur A E er <r, BF = t, EC = x, CF=J 
y erit AC = V(<H-)fx), & BC=Vf bb+-yy)y 
erit ergo V ( & u b b ■+— a tt y y +- b b x x xx yy ) — A C B , 
cujus differentia = aaydy-*-b bxdx-*-yy xdx-*-xxydy 

V (aabb-¥-aayy4-bbxx-*-xxyy) 

~ o; Efi autem EF = e, ergo c — x=r 7, proindeqne 
d y — — d x ; Quare a ajd x-)-xxji/xr b bxdx -t— 
yyxdx y vel — aaydx+-bbxdx+-yyxdx — xxydx 
o , unde (aa+-xx)y=z [bb+- yy J x, quare x : 
y — aa+-xx:bb+-yyy nempe E C : CF , vel AD: 

DB = A C 2 : C B 2 . 

COROLL. 

167. Unde confiat, quod fi in Caflinoide GCH <|X 
cius focis A , B ducantur ad punflum quodvis C rcrix 
AC, BC, & refta AB ita fecetur in D, ut fit AD: 

DB = A C 2 : C B 2 , dufla E C F normalis ad C D 
' jungentem punfla C, D, erit tangens curva: in C. 

Lz PRO- 
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. • PROBL. Lf. 

1 ( 58 . In cono fcaleno ABED invenire maximum 
triang. ex cjufdem coni feftione efformatum tradudo 
per verticem plano. 

• 4 1 • Efto triang. ex A G tanqaam fua altitudine, & 

bafi dupla GH normali diametro BD bafis dati coni, 
cujus axis fit AC ~b\ Ducatur perprndicularis AK 
ex vertice in planum ba(is, cujus diltantia a centro 
bafis C , nempe K C fit zz c . Ponatur praeterea B D 
e 2fli & CG = x, erit GH = V [a a ~ xxj, que 
fi ducatur in AG=V(U-t-xx+-2txJ emt rget 

V( aabb-t-aAxx-t-iaacx — bbxx — x ^ — 2 cx ^ ) , 
qui eft valor ijuaefiti triang. Sumatur quant tatis hujuf- 
cc differentia , & ponatur == o, habebitur aequatio 

2aaxdx-t-iaacdxz= ibbxdx-^-^x^ d x -+-6cxxdx t 

adeoque x 3 4-2 c xx b b x — a ax — a a c zz o, quae 

i? 112 

eft aequatio cubica unicam tantum veram habens ra- 
dicem . 

Ut autem hsc refnlvarur aequatio , ad axemu 
A KM per pumftum K deferibatur parabola KNO, cu- 
jus parameter = KC= f, fumtaque K P = } c duca- 

T 

tur per P retfta PQ^axi AKM parallela, & parabo- 
lae occurrens in N , & ponatur NQ_= 2 5 c — ■ - 

12. 3 1 

b ■*- d 9 eidetnque ftatuatur normalis Q_R = $oggc 

4 c 8192 

— ibb — aa; tum centro R, & radio RN deferiba- 

/ , 

r 6 c 

tur circulus ONS fecans parabolam in O, unde du- 
catur ad PQ_nornialis OT , erit haec == CG= x, quae 
quaerebatur . 


PRO- 
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. PROBL. II f. Sk 

log. Circulo AEBH parabolani cu/ufvis generis 
!• t D omnium pollibilium minimam circumfcribcre , in 
qua nempe G E" ; BD ” = F G : F B . 

Quoniam GTrGE 2 ,& GF=:GE 2 ,&BF 

2 G C « G C 

= GE +- G B ~GJF^ -h - n B G C , ycl ( propter A G 
«G C < «GC 

+- G C - B C , adeoque AG+-2GC = GB, (ivo 
AGB+-iBGC = BG 2 , vel etiam B G 2 — 2 BGC 
= AGB=GE 2 ) eadem BF = B G 2 +-[«— . 2 J BGC; 

« G G 

Quare cum fit FG : FB es G E*:BB*, erit 

G F 2 ;f,G 2 +- [« — 2jBGC = G E” :[£G 2 +-(»-2) 
«GC 

i G CJ GE* 2 , ve! eiiam := [ G E 2 -1- N B G j G E”” 2 , 

1-4-« •■•-a 

adecque £D = [£G 2 +-(» — 2 ) BGC]~"~ G E^~*> 

• I M— 2 

Cvc= [G E 2 +- «f GC]"GE " , & F B D ~ 

I -t-a n — 2 • 

f FG 2 BGC ] * E G * , : vel ~ ’ 

»GC ' 

i-t~« »—2 • . • 

(GE^- » BC C)~C E ” E» autem 
«GC — 

= rctfang. ad parabolam , ut alibi oftendetur , -ergo 

r, ’ T-4- « «—2 

parabola FEDE- ff G 2 +-f «— t]gGC n GE~, . 

1 1 -h a ] G C 


Fig. 42.. 
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I4-« «— Z 

fi« - (GE Z +-»BGC) " C E ” . Jara vero po- 
( I 4— A J (/ C 

natur CG' = x, erit area parabolica circum, 

feripta circulo gencratim acceptas [a a — xx-*-nax 

l+-« n — 2 

2 u 2 /f 

h-»x J — xx) , cujus differentia , fi con- 

flans denominator i 4- n negligatur , erit ( i » ) x 

n 

I tt— l 

— l)x 2 ) ”(«« - xx) n [ » 4 </ X 4- 

— 2 — * 

znxdx-' 2 xrfx] - [»4-t] x (iia — • xx) 2 ” 

« 

X 4— B 

(tf«+-#tfX4[«- 1] X 2 ) ” X//x — [ 4 4 4-B4X 
I 4-B «— 2 

[« — i]xx] ” (44 — xx) 2 " </x s o, di vifis omni- 
bus per XX) quo communi divifore neglego, & di- 

— 2 — « 

• 2 ft 

vifis omnibus per («a— xx) [44 4 -b4X4-(« 

' * - ' * 

I 

— i)xx] B </x, ceterifque neceffariis inftitutis opera- 
tionibus ) habebitur 4 ^ ^ x — ( b ~ i) a a xx «*- 

,(« — Ij 4X^4- (2« — 2)x^so. 

Haec autem generalis aquatio fi dividatur p>er 
X — 4» praebet x 3 4-4 xx— 4 4 x — 4 3 = c , quae rur- 

2 - . «— i • fus 
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fiis dividi potcft per x+-*, ui remaneat xx- a a == 

«— T 

o , adeoque x =3 a ; Quare V ( » ~ i ) : i =3 « : 

V(«- 0 

x =3 BC:GC, & componendo V ( » — • 1 ) -*-i : 1 — /r 
^-x:x = BC : CC. Sed BG :GC = T6: GA finum 
verfum femicirculi , ergo V(«— i)+-i:r=TG: 
C A ; eft autem n — i> Vf«— 1) quare n =3 «_ i 
1 > V [ « — 1 J +- r , ergo ratio n : — i]-+-i : 

I. Sed n : 1 — G T : G f abfciiraro paraboli, quaro 
CT :GF> GT: GA, proindeque GF < GA, & 
apex paraboli cadit infra verticem femicirculi. 

Sit nunc circuli diameter AB partium 4 8 , A C? 
partium 13, proindeque G B partium 3 5 , & re<ftang. 

BGA=425 =GE 2 , & GE^s 1 8 062 5 : Er quo- 
niam C G = j 1, fiet n : 35 =3 GC : G B = G A : G T =3 
13. 455, cujus quarta pars 455= FC, itaquo 

11 tt 

4 5 5 - A D = 4 5 5 3 5 = » 9 9 5 = 1*0625: 

44 44 44 

.36034677 5 = 792168-»- 331 , proindeque B D 

4 5 5 45 5 

4 

major eft quam V792168 major quam 29, cujus bi- 
ouadratum tHet 707281, & re&ang. FBD majus 
quam 1995. 2 4 fciiicct majus quam 56855 majus 


44 


44 


quam 1292, eadem vero B D minor eft quam V 7 9 2 
169, adeoque minor quam 30, cujus biquidratum^ 
eiict 810000, unde FBD minus quam 59850 feu 


quam 1360 5 . 

2 2 


4 4 


Si vero iifdem 
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SI vero iifdcm pofitis fumatur AK partium 4, 
& fiant quae fupra, invenietur redang. VLB minus 

quam 133 p — t quod minus cfl rcdang. FLD. 

Rurfus fi adfumatur AK partium 3 , erit 
redang. VLB minus quam 1305., adhuc minus prae- 
cedenti; Quare & parabola VHLB minor cll quam 
parabola A £ D E. 

COROLL. 

170. Unde conftar parabolam illam, quam dodif- 
fimus C./ELESTINUS ROLLIUS in epiftcfa, 
quae praefigitur geometricae exercitationi Cl. L A U R E N- 
TII LORENZINI, putat minimam, revera elio 
ruaximam . 

PROBL. L I 1 1 . 


43 


I7r. Per datum pundum D fub ang. dato A C B 
ducere redam A DB, quae mimma Iit omn um per idem 
pundum D fub eodem ang. dudarum . 

Ponatur faflum quod quaeritur, & reda A B fit quae- 
fita . Ex pundo D ducantur redae DF, DE parallelae 
lateribus CB, C A , & DG normalis fupra AC. Po- 
natur At = x, D E = a , DE = t C = b , F G = c , 
erit ergo AG =: x .JZc » DG = V ( au — c c ) eft A D 
ps V (xx+^-icx ■*- a a ). Eft autem ob fimilit. triang. 
ADF, ABC, AF : FD-AC: CB, x : «=x+-fr ; 
ax +- ab zz C B , & FD: DA=CB:BA, a : 


x 

V[xx+.:cx+-fltf] = «x+-rfJ ; \y+-b] V [xx icx*-aa] 

X X 

- BA; quae ut fit minima , fumi debet ejufdem diffe- 
rentia , & fieri =: o; erit igitur x 1 d x^. c x x d x 
bcxdx— aabdxzz o, unde habetur x^txx^, 
bcx — aab zz o. 

COROLL. 
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COROLL. I. 

172. Si datum punfium D foret io refla CH bifa- 
riam fecantc datum angulum A CB, tunc a edet z; b, & 

fuperior aequatio verteretur in x^ xxjfrf cx— a $ 
= 0, quae dividi poteft per x — a =s o, unde x =3 a, 
triang. A C B «flet ifcfcclion , & AD = D B . 

COROLL. II. 

173. Si triang. ACB ponatur ifofcelion, & pun- 
fium datum D non fit in re&a CH fieri nunquam pote- 
rit ut bafis A B fit minima omnium per idem punfluiru 
D fub eodem ang. dufiarum . Hoc fi quidem cafu foret 
D F — F A , five a — x. Pofita igitur in prima aequatio- 
ne quantitate a loco x, & indituta divifione per a a 
+ ac, elfct « = b, major minori, quod eft abfurdum 
Jalfum ergo bafim triang. ifofceiis elle minimam re- 
fiarum, quae duci poliunt per quod vis ejus punflum, 
& lateribus intercipi, ut nonnulli putaveruat. 

COROLL. III. 

174. Si datus ang. C fit rcflus, tunc c =5 o,undc 

prior xquatio fit x^ — aab~o,&cxzzJaab; Eli 
autem AF : F D = D E : EB, x : a s b : ab =3 

x 

ab a Wabb- } Quare in hoc cafu AF cft 

* 

V a a b 

prima, & EB fecunda ex duabus m ediis proportiona- 
libus inter DF, & DE. 


M CAP. 
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CAP. III. 

De ufu Calculi differentiarum diverfi ordinis in 
inveniendo centro generali Linearum 
geometricarum . 

DEFINITIO. 

175. f^Entrum generale curvarum dicitur punffum A 

in earundem plano fitum, quo in pun#o re- 
tiae omnes per ipfum tranfeuntes ira fecantur, ut por- 
tiones inter pundium illud, & diverfos curva ramos in- 
44 terceptae fint aquales portionibus inter idem pun&um, 

& ramos ad alteram oppofitatnque regionem vergen- 
tes inter jeff is : nempe fi A B = A C, punffum A dicetur 
centrum generale . 

COROLL. 

17 6. Hinc patet, quod fi ponamus, punflum, In 
quod origo coordinatarum transferri poteft, quoties 
addantur refpc< 5 iive tum abfciflse x, tum ordinata j 
quantitates indeterminatae »/, & «, in centrum gene- 
rale evafifle , valores ordinatarum pofitivi aequales 
erunt fingillatim valoribus earundem negativis, hoc eft 
sequantur ?.ero cccfficientes omnes parium terminorum 
in sequatione permutata, ubi ordinatae ipfae refpondent 
abfcilfae, qu<e fit = o . 

LEMM. 

177. Aquationem curvar propofitam in aliam com- 
n.utare , in qua ordinatx fub ang. quocumque ad 
axem inclinentur . 

Exprimantur novae coordinatae per 2, & v, & j 
loco x, & y fufficiantur refpcftivc valores z+-qv y & 
fv y confedlumque erit problema, ut demonflrant Ana- 
Ivftae, & nos offendemus in algebra Finitorum , quam 
brevi proferemus in lucem . 

CO. 
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COROLL. I. 

178. Hinc ut origo indeterminatarum in quodvis 
pun&um transferatur, loco x fufficienda erit quantitas 
m +- z •+- q v , & loco y quantitas n •+- p v . 

COROLL. II. 

179. Ergo, fi punflum, in quod origo coordinata- 
rum transfertur, ftatuatur eife centrum generale, inde- 
terminata z> efficienda erit =0, five fubftituenda tan- 
tum erit quantitas m qv loco x, & «-+-/>< v loco y . 

• COROLL. III. 

180. Quod fi in aequatione propofita ponamus 
quantitates x-t-dx,&iy-t-dy in locum x, & y fuf- 
fe< 9 as e(Te, nempe m per x, qv per rfx, » per jr, & 
p® pcr</y repraefentari , facilius innotefeent termini 
poftremae hujus aequationis permutatae, qu* ex fubftitu- 
tione quantitatum m +- cjv & n -*-f>v loco x , & y in 
propofita aequatione prodiiffct . Et quidem fi tollantur 
ex variis differentiis dat* aequationis differenti* ilix, 
qu* primam dimenfionem excedunt, & fecunda divi- 
datur per 2, tertia per 2, & per 3, quarta per 2, 

3,4, atque ira porro, hujufmodi vari* differentis 
pr*bebunt inverfo quidem ordine diverfa permutat* 
aequationis membra ex fubftitutione x dx> & y 
dy prodeuntis, ut Cl. Viri BERNOULLIUS, & 

S A U R I N U S dcmonftrarunt . * *Mcm. de V Acad. 

Koy. dei Sciencet 

PROBL.LIV. an. 1 7 1 1. , (sr 

18 r. Ex data squatione ad cuTVam determinaro 
I. Utrum hxc centro generali donetur; II. Quibus 
pc fitis conditionibus curva ipfa hujufmodi centrum_. 
acquirat; III, Quo in pumfto plani centrum ipfum_, 
flatui poflit , 

M 2 Sumantur 
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Sumantur ordine quotquot ex aequatione propo- 
fita erui poliunt differentis, poftrema tantum excepta, 
& tollantur differentis, quarum dimenfiones excedunt 
primam. Mox in lingulis quibufquc differentiis imparis 
dimenfionis, fi squatio propofita fuerit paris dimenfionis, 
vel in differentiis paris dimenfionis, fi squatio fuerit impa- 
ris, habita ratione ipfiufmet squationis , qus haberi 
poffet ut differentia dimenfionis zero, fi fiat fingillatim 
quodlibet membrum = o , eruentur valores ipfius x, & 
y , quorum ope tum centrum generale, tum conditio- 
nes quoad cocfiicientes dats squationis, ex quibus 
pendet ejufdem centri exiftentia , facile poterunt de- 
terminari . 

PROBL. LV. • 

182. Data squationc ad circulum , ejufdem cen- 
trum generale invenire. 

Sit igitur squatio yy zz 2 ax — xx; qus eft 
paris dimenfionis; patet unain tantum imparem diffe- 
rentiam, primam fcilicet ex hac squatione erui pofle ; 
eft nempe 2 ydy zz zadx- — ixdx y five zydy — 
2* d x 2 xdx = o ; fiat nunc feorfum quodlibet 
membrum hujufce differentis = o, erit y = o, & x 
:=<*, nulls vero hic habentur conditiones; Curva igi- 
tur propofits squationis donatur centro generali , 
quod in axe reperitur, & diftat ab origine quantitate a . 

SCHOL. 

183. Si origo abfeirtarum fumatur in punflo me- 
dio diametri, quoniam tunc squatio eft y y = a a — 
x x , erit 2 ydy — — i xdx ergo j = o , & x — o , 
adeoque centrum generale, quod nullis hic adfigitur 
conditionibus, fitum eft in origine abfeirtarum . 

PROBL. L V I . 

184. Invenire centrum generale cllipfeos. 

Quoniam 
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Quoniam in aequatione ad ellipfim ayyzz ab st 
m—bxxy quae eft paris dimenfionis, & ex qua nonnifi 
unica differcnria impar fumi poteft, nempe prima, eft 
2 aydy zz abdx — zbxdx , (i fiat fingillatim quodli- 


bct membrum — o , erit j ~ o ,&*•=: — 


<*, nullae 


aurem hic adfunt conditiones, ergo centrum generale 

reperitur in axe ellipfeos ad diftantiam -i a ab origine» 

Idem invenietur in aequatione ad hypcrbolatn 
a yy ~ ab x-+- bx x • 

SCHOL. 


185. Si fuerit aequatio ad ellipfim zayy—aab 
—-bxxy pofita origine abfcilfarum in punifto bifariam 
lecanre diametrum, erit yaydyzz — zbxdxy adeo- 
que y ~ o, x~o,b~o,a~0) ergo nullae hic ad- 
funt conditiones, proptereaque centrum generale re- 
peritur in origine abfcilfarum . 

PROBL. LVII. 

1 86 . Data aequatione yy-*~xx —iby—iax—ibgx 

c 

•— 2g xy -+-g£xx -*-bb zz o ad circulum, in qua_. 
c cc 

adeft planum xjf, invenire ejufdem centrum generale. 


Eli quidem una differentia impar, quae ex data 
aequatione erui poteft iydy-*-xxdx — ibdy— -radx 
— 2 bgdx — 2g x dy — 2gy d x -h- lggxdx ss O, 

c c c c c 

five lydy — ibdy— lgxdy — igydx ■— lggxdx 

c c c 

•+- 2 bg d x +- 2 a d x — 2 x d x y quare y — b — g x 
c c 
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~ ° » _£^ — gg* +- bg a — x — o , erit ergo 

c c c c 

I. fjy — b c zz x f 11» c g y -+- b c g 4- a cc == x ; hinc 
.? fc-t-gg 

ty—bc~ cgy4-bcg+-acc, hoc cft 

, c cc *-£g 

— b c g g — b c c c — c c g y +- b c c g a c c c , y ps 
bcg-j-acc-j-bgg+-b cc-> At erat y b — £■* = o, 
£ £ •+- c f — c 

& g.H—gg* * — *=o, quare erit III. 

c c c c 

b-*-gx, IV . y = gx — b — a c +- c x y ac proptcrca 

* c g £ 

b -i-g x — / x — b — ac-t—cxy unde 2 b -i— a c — c xy 

c c g g g ~g~ 

& x = 2 bg ■+— a c . Ergo centrum generale determina- 
re 

bitur, fi adfignentur indeterminatis quantitatibus .v , 
& y valores adinventi . 

Eodem plane modo procedendum in Ellipfi , & 
hyperbola, fi in earundem aequatione adeffet planum xy . 

PROBL. L V 1 1 1 . 


187. Invenire centrum generale in curva aequatio- 
nis y ^ +-axx— bbx — o. 

Eft profero prima differentia hujufce aequatio- 
nis % y y dy — y x x d x ■*— 2 a x d x —b b d x — o , five_> 
qyydyzz %xxdx— iaxdx+-bbdx\ fecunda vero 
jtjufd^m differentia ( ncgle&is fecundis differentiis ) eft 

b y i y — 6 xdx — 2 adx ; Tertia vero differen- 
tia hic minime confideratur» clfer quippe poftrcma , 

qua: 
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quae ex data aequatione erui pollet. Fiant nunc duo 
membra fecundae differentiae fingillatim = o, erit j =: 

o , & x =: ~ a ; fufficiantur hi valores in aequatione 

propofita , fiet I. a =: o, adeoque x =: o; II. pofito 

~ a loco x, fiet xxx — a x x b b x zz -i a a — -i 

3 2 7 9 

aa - 1- — b b , adeoque — b b ~ — aa — -i aa zz — 

3 3 2 7 2 7 2 7 

aa y unde tandem gbbzz zaa; Ergo ubi « = o cen- 
trum generale erit in origine curvae, ubi vero gbbzz 
2 <2 0 , centrum generale fitum erit in axe, & diftabit 

ab origine quantitate — . 

PROBL. LIX. 

188. Invenire centrum generale in hyperbolis re- 
dundantibus tertii ordinis linearum, quarum natura., 
exprimi poteft per aequationem Newtonianam xjj+- 
e j = nxxx-i-ixx+-(x +-g . 

Sumatur propofitae aequationis prima, & fecunda 
differentia , erit I. 2 x j !dy-+-edyzs$axxdx +- 
2 b x e/ x — d x 4 — c d x II. negle&is differentis fe- 
cundis, habebitur ixdy 1 ~ 6 axdx z +-ibdx x —> 
2jdydx t vel 2 x d y 4-2 ydydxzz 6 axdx 4— 

2 b d x 2 ; Differentia tertia hic omittitur, utpoto 
poftrema . 

Jam vero aequationes , quae erui poffunt ex dif- 
ferentia fcunda funt I. 2X=ro, vel x=:o, II. 2 y 
e= o, vel y = o , IIF.(5rfX4-2/>=:o, aequatio vero , 
quae haberi poteft ex differentia, cujus dimenfio fit 7e- 
ro, eft xyy 4 - ey =; «xxx 4 -ixx+-cx 4-^. Itu. 

duabus 
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duabus hlfce poftremis aequationibus fubftituantur vale- 
res ipfius x , & y fupra inventi , nempe zero loco 
utriufque, habebitur 26—0, vel b— o, & gzzo. 
Ergo , fi curvae , quas exhibet aequatio propofira , 
centro generali donentur, hujufmodi centrum fitum-, 
e(Te debet in origine ; Curvx autem ipfae tunc foluni 
centro generali donabuntur , cum coefficientes b , & g 
defint in xquatione, ut patet. 

PROBL. LX. 

189. Invenire centrum generale in curva , ad quam 

aayy -z zaaax— j a axx +- 4ax xx — x 4 . 

Accipiantur prima, & tertia differentia pro- 
pofitx xquationis, erit I. zaaydyzz 2 aaadx — 
l04(fXi/x+- I2JXX(/X - 4xxxix, III. vero o zz 

2 4 a d x^ -• 2 4 xd x* ; quarta autem negligitur , 
utpote qux foret poftrcma . 

Erit igitur 2 4 a d x^ -24 x d x^ , & xzz a , 
Centrum igitur generale fitum eft in axe curvx, & di- 
ftat ab ejufdem origine quantitate a . 

PROBL. L X I . 

190. Invenire centrum generale in Caflinoide , 
fumta ejus origine in pun< 3 o medio linex jungente-» 
focos . 

Quoniam xquatio Caflinoidis eft y 4 +- 2xxyy +- 

2bbyy=Z2bbxx~x*-+-iaabb-~ a 4 , erit ejuf- 
dem prima differentia 4 y y y 4/ y ■+- 4 x x y d y +- 
4yyxdx-t— 4bbydyzz 4 bb xdx — 4 xxxd x y tertia 

vero zydy^ 2 4xdxdy 1 -^-2 4ydydx zz — 
2 4 x d x 3 , quare y =: o, & x— o, ergo hujufmo- 
di curva habet neceffario centrum generale, quod 
fitum cft in ipfa origine. 

PROBL. 
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19T. Invenire centrum generale in curva aequationis 
9 a a jr ^ “ 4^ ‘•'i 2 4i( XX+-4/ . 

Eft differentia prima propofitae aquationis 
3 6 aa yjy dy — 1 4 x^ d x -t- 48 a a x x x d x-i- 48 a^xdx, 
terria vero 2 1 6a ajdj/^— 2 88aaxdx 7 '+- 48 o x 7 ' d xl f 
quinta demum , omiffa fexta differentia , utpore po- 

ftrema, cft 0=2880 xdx^ , hinc x = o, & pari- 
ter y — o , proindeque exiftentia centri generalis in_. 
hujufmodi curva nullis adfigitur conditionibus; Eft au- 
tem x = o , ergo centrum generale reperitur in origi- 
ne abfciliarum . 


CAP. IV. 

De ufu Calculi differentiarum diverfi ordinis in 
pun&o Flexus contrarii Curvarum 
determinando . 

• "* 1 • * .t ot»v 

DEFINITIO. * ' ' r.-' 


19 2. T) Unflum Flexus contrarii in curva dicitur 
1 puntfum , quod terminus eft partem conca- 
vam a convexa diflingucns. Ira fi fuerit curva ABCD, 
quE primo concavitatem axi AF juxta duAum ABC, 
deinde juxta flexum C D convexitatem eidem obver- 
tar , vel primo convexitatem axi A F juxra duftum., 
ABC, mox concavitatem juxta flexum CD eidem axi 
opponar, punAum C dicitur punflum flexus contra- 
rii, quo nomine punAum illud appellatur, tum fi or- 
dinata* fint inter fe parallela:, tum etiam fi ab aliquo 
fixo punflo, quod jolus dicitur, procedant. 


Fig. 4 6. 


i 

DiyitSj^Coogk 


N 


THEO- 


9* 


THEOREMA f, 

193» Quantitas dy 1 eft infinite parva relate ad 
dy , & qxdiois ad hanc fuperiori?, 

Eft enim dy 2 tertia proportionalis ad 1 > & dy, 
Eft nempe 1 : dy=z dy : d y z =r dy 1 . Sed dy eft in- 

1 

* ' * 2 ■ - 

finite parva retate ad i, ergo dy eft infinite parva_- 
relate ad dy ; eft autem dy infinitefima primi ordinis, 
ergo dy 2 eft infinitefima fecundi ■> Idem dicas de_> 
quantitatibus dx 2 y dv z &c, relate ad dx y dv &c* 

THEOREMA II, 

19 4, Differentiae fecundae ordinatarum continue^- 
crefcentium in curva concavitatem axi obvertente funt 
negative , 

Quoniam crefcentibus abfeiflis crefcunt & ordi- 
natae, earundem differentiae erunt pofifiva: (§. 19. mi.} 
Quoniam vero ipfarum ordinatarum differentiae minuun- 
tur (§.75.) differentiae hujufmodi differentiarum, hoc 
eft differentiae fecundae ordinatarum erunt negativae 
(§» 19, n«w. 2.^ t 

THEOREMA III, 

195, Differentiae fecundae ordinatarum femper crek 
«entium in curva convexitatem axi obvertento funt 

Crefcentibus fiquidem abfeiffis crefcunt & ordi- 
jrarae, ergo differentiae hujufmodi ordinatarum funt 
pofirivae (§»'19. num. r,). Sed eaedem differentiae jugiter 
crefcunt ( §, 86 .) > ergo funt & ipfae pofitivae. 

CO- 
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COROLL. 

196. Hinc crui facile poteft 5 utfum portio curva» 
plures flexus conrrarios habentis inter duo hujufmodi 
punfla jacens convexa fit, an concava verfus axem. 
Si enimvero valor exprelfionrs pro fecunda differentia 
ordinat* inter duas refpondentrs radices fit pofitiyus , 
curva obvertet axi convexitatem , fi negativas concavi» 
tatem, modo integra curva ad unam eandemque pla- 
gam ejufdcm axis jaceat . Ita pofita aquatione y es 

i 3 oxx — 1 1 o x x x +- — 3 ^ quoniam^ 


a a a a a a a 4 

ejufdem differentia fecunda eftr; 6aaa~-i iaax+-6axx 
— -xxx == (a — x ) (2 a—~ x) ( 3 a — x) , & valot 
expreffionis , dum x < <r, eft pofitivus, curva'ipfa_» 
Convexa primum erit ad axem. Sed ubi x > a> 
quoniam tunc exprelTio fir negativa , curva fiet conca- 
va ad eundem axem , ficquc procedet, quandiu x cs 
2tf, deinde vero cum differentia evadat adfirmativa , 
curva rurfus convexa fiet, donec x — 3 a, quo prs- 
fergreflb lini ire Curvatura in ihfiuitum tendet ad ean- 
dem plagam. 

THEOREMA IV. V' 

19^* Si exiftente differentia fecunda ordinat* ~o, 
hoc cft ddyzz o; ejufdcm differentia tertia fit realis, 
& finita, tunc y tranfit per pupUm» flexus contrarii. 

Hoc ex Cl. M AC.' LAURI NO fic demon- 
ftraturt Quoniam pun&a flexus contrarii determinantur 
ponendo d dy — o , vel 00 , ut offendemus , occurrat 
rc< 5 ia P M in punflo V tangenti curvam ad punAum., 
F, & pm eidem occurrat in pun&o o, tunc PV — 
E +• </Ex , & pv~ E — d Ex. Sed quando dd Eso, 

1 dx - 1 - ' dic ' ■ ' ‘ ;£ i • 


% 45 - 


PM=i E -f- d Ex ♦ -f- ddd Ex* &c. , & p m = 
d * dx 3 


N z 


E — 
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E — E x * — . dddUx^ +- &c. ergo fi ddd E fit 
dx* 

pofitiva, & difflantis A P, A p fint minimx, PM erit 
> PV, &. p m < pv , & fi ddd E fit pofitiva, vel 
negativa, arcus FM, & Fm erunt ad diverfas plagas 
tangentis TF/, adeoque punfFum F erit punftum fle- 
xus contrarii. At fi ddd E pariter evanefear , & 
dddd E fit valoris realis, PM, & pm erunt ambx 
majores, vel minores rcfpeflivis normalibus PV, & pv 
a tangente interceptis, nullumque aderit punftum fle- 
xus contrarii in F. Generarim fi ddy% dddy y ddddy&c» 
evanefeant , fique numerus Fiarum fluxionum cxiftcnr<L> 
impare, fluxio ordinis fubfequentis habear valorem re- 
aleni, & finitum, tunc y tranfit per punfium flexus 
contrarii . Sed fi numerus harum fluxionum , qux 
evanefeunt fit par, nullum erit pumflum flexus contra- 
rii , fed potius duplex flexus infinite parvus Ex. gr. 

fit y = i — x 4 , erit dy ~ — 4 xxxdx, ddy = — 

1 ix xd x 1 , d d dy = — 2 4X d x^ , d d d d y =: — 

2 4 d x 4 . Si ponatur d dy=. o, erit xao; Sed. quo- 
niam tunc dddy ~ o, & ddddy realis, & finita , y 
non tranfit per pumflum flexus contrarii, fed revera- 
ctt maximum . 


THEOREMA V. 

198. Si curva ponatur utrinque progredi ab ordi- 
nata PM, vel pofitaque ddy =3 00 , ejufdem figna 
fint diverfa, punflum M erit putnflum flexus contrarii. 

J 

Hoc per fe patet . Sit ex. gr. y =1 1 — x3 , erit 
ddy 1 odx 2 , qus fit infinita, ubi x=o, vel 


9 V x 

•r 


y = * > 
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y =s i , & contrariis (ignis afficitur ad diverfas plagas 
ipfiusjr, adeoquc ordinata tranfit per pumftum flexus 
contrarii, ubi x=o. 

PROBL. LXIII. 

199. Tnvenire formulam , cujus ope determinari 
poffit pun&um flexus contrarii in curvis, quarum ordi- 
natae funt inter fe parallelae. 

Pofita dx conflanti, hoc eft abfeifla infinito 
parva fibi femper aequali, fumantur differentiae fecun- 
dae ordinatarum ad datam curvam , ex quibus fiat fe- 
ries refpondens feriei ordinatarum ad ipfam curvam & 
per earum extrema traducatur linea, manifeftum eft 
quod in pun&o flexus contrarii hujufmodi differentiae 
cx pofitivis fieri debent negativae, vel contra ex nega- 
tivis pofitivs, qui quidem tranfitus fieri debet vel per 
o, vel per 00, ut oflendemus in Algebra Finitorum ; 
quare fi fumtis differentiis aequationis ad curvam, po- 
firaque dx conflante fiat ddyzz o, vel 00, invenietur 
valor abfeiffae, cui rcfpondct ordinata punito flexus 
contrarii occurrens . * 

Aliter. Sit aliqua curvae tangens B t inter ver- 
ticem A , & punflum flexus contrarii C , haec profe- 
£fo tangens eo altius occurret axi AF prodmfto, quo 
fuerit punctum B punfto flexus contrarii vicinius . 
Sumto vero aliquo pun<flo D poft immutatam curva- 
turam, ejus tangens DS inferius defeendet , nempo 
.punflum S, quod eft cjufdcm tangentis occurfus cum_ 
axe verfus verticem A redibit, quem etiam attingere, 
'jmo & tranfgrcdi poteft, fi ducantur tangentes ad alia 
pun<fta, quae fiot ab ipfo punfto C remotiora ; Ex quo 
patet interceptam AT effe maximam omnium fimilium 
curvae funtfionum inter verticem, & occurlum tangen- 
tis interceptarum. Ergo in hoc cafu ad determinandum 
.pumftum flexus contrarii, quoniam fubtangens femper 
■c= ydxy ejufdcm differentia ab x, nempe y dx — x 

• dj . .. - dy . • 

^ . maxima 


* Vtd. Cl. Fon - 

tenellium part . 
l.Jett. 10. 11. 

Fig* 46 . 
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numina fit oportet, ergo ipfius differentia fecunda-» 
«iit =; o , proindeque fuaira d x pro conftante m- 
venierur differentia fecunda propofit* formulae =3 

dy 2 dx-ydxddy+-dy 2 dx~o, hoc cft — ydxddj 

dy 2 2 J ' yl 

=: o , inftitutaque multiplicatione per d y , & oi- 
vifione per — ydx> fiet differentia fecunda ordinatae 
pertingentis ad pun&um flexus contrarii ddyz: o. 

Quod fi curva ACD fit primum ad axem con- 
vexa, du&a tangente CT pumilum T remotius cft a_» 
vertice A, quam pon$a S vel t tangentium DS» vel 
fi r, & fubtangens GT cft = yd x, adeoque A T =; x 

dy . 

m— y d x , & cum ipfa A T major effe debeat tum 
d y 

Ipfa AS, tum ipfa At neccffe eft, ut differentia-, 
fecunda ejufdem A T fiat = oo, quare fumta d x 
conftante cum fit differentia ipfius x — y d x = 

d J 

d x d y 2 —d x d y 2 -+- y dxddy^zydxddyt fiet 
dy 2 dy X 

d d y — oo . 

SCH O L. 

2 ©o. Adnorandum hic eft hujtifmodi methodum., 
determinandi pun8a flexuum contrariorum, quam tra- 
dit Illuftrifsinms H O S P I TA L I U S in Analyfi infinite 
parvorum , aliqua aequi vocatione laborare. Fatendunu 
enim eft per eam nullo modo innotefeere quibus in_» 
cafibus altera ex adiatb politionibus fit alteri praefe- 
renda , adeoque nonnifi tentando ad id quod quaeri- 
mus perveniri poffe. Certum prsterea eft per eand< m 
merhodum determinari non modo puntfta flexus contra- 
rii, fcd etiam regrcjjur , vel cufyidts , punita fc licet, in 

quibus 
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quibo» curvae refluuntur ab ordinatis, ut offendi fa- 
cile pote ft. Quid quod eadem methodos inepta cft, uc 
patet, inventioni pumffr flexus contrarii , ubi cjufdcm 
dirc&io efle debet axi parallela* Eo fiquidem cafu cum 
fubtangens flat infinita , eadem ipfa , Ii appofite loqui 
velimus,, dici n«n poterit maxima, vel mrnima. 

Verum enim vero cum problemata longe plurima 
ad puniffa flexus contrarii perrinemia tradira methodo 
conficiantur, & quidem plerumque per formulam ddy 
r:o, potwffuna nanaque flexus contrarii, quod idem-* 
HOSPITALIUS ctuit ab aequatione y — a zz a 

(jc- -«)— , ponendo ddyzz oo, non cft pumffum An- 
gulare flexus contrarii , ur ipfe arbirtatur , fcd revera 
punftom triplex, idcirco adlatar methodo inhaerendum 
nobis erit in enodandis quaeftionibus ad pun&a flexus 
contrarii pertinentibus, cum per eam hujtifmodi quaeflio- 
nes nullo negotio refolvantut, quod fane per alias re- 
gulas , de quibus agemus in traftatu de fineis- tertii 
ordinis , obtineri non poteft * 


PROBL* LXI V* 


2or* Sumto quovis punflo D in refla A B flat 

AB 2 : A D 2 = BD: DG , & fic femper quaeritur 
punflum flexus contrarii in curva per punfta G 
incedente . 

Sit A B =5 a , A D ss x, D G = y , erit B D ^z 
a — x, quare habebitur proportio aa ; xx zz a — x z 
y , unde aayzz axx — xxx y qua erit curvae aequatio ; 
Sumtis igitur differentiis erit aadyzz zaxdx— ^xxdx y 

pofifaquc dx conflante, aaddy ~ zadx 2 ^~6xdx Z r 

& ddyzz zadx 1 — 6xdx Z - y Fiat ddyzzo , erit = 


Fig j. 


a et 


Of, Sc za. dx 1 — 6xdx 2 zz o* hinc z&zz 6x r & xzz- — et~ 

5 
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Modo fufficiatur valor .ipfius x in fuperiore_v 


aquatione, erit y ~—^a . Quod fi — a , & ad re- 

<9um ang. jungantur , determinabitur pun&utn flexu* 
contrarii, licet curva nondum fuerit deferipta . 

PROBL. LXV. 

102. Invenire pun&urn flexus contrarii in curva^. 
aequationis xyyzz zaaa — aax» 

Eft quidem zxydy-t-yydx =2 — aadx, & dyzz 
— aaadx =2 «— aaadx, hinc fumta </ x con- 

V(za^ x ^ — a Z x ^ ) * 

ftante erit dd y — aaadxdz • Sufficiantur loco dz >, 

z z 

& z z eorum valores , & . erit d d y =2 
6 a* xx dx 2 — 4 a l xxx dx 1 ~ o , ergo 

( 2 x 3 — aax*)V (za} x^ — a 1 x*) 

6 xx dx 1 =2 4« 5 xxxrfx 2 ,&x=: • 

z 

Quod fi valor ipfius x in aeqiatione data fuffi- 
ciatur, erit y =s "V ~ • 

PROBL. LXVI. • 

203. Invenire punflum flexus contrarii in curva^ 
prop. 4. Quadrat. Cire. Cl. GUI DONIS GRANDI, 


ad quam curvam y = a xx . 

aa- t-xx 


Eft d y 
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Eft Jyz iia a a xd x z i laaaxdx) q uare ddy 
{aa+-xx ] 2 * 


m ^ dx 2 *— 2 a ^ xx d x 2 -—3 a a a x^ dx 2 j fi loco 

cx)* » 4 

* , xz» & */x eorum valorcs fufficiantur . Fiat ddy 

s o, erit a~l —ia'* xx- 3 aa a x^ ss o , five a ^ — 
zaaxx— gx^ =: o. Inftituitur divifio per aa-t-xx» 
erit a a — . 5 xx ss o, quare «as jxx t & x E= 

^ a a, proindequc y s a . 

PROBL. LX VI I* 

204. Invenire puntfum flexus contrarii in curva.» 
aequationis yy =5 a a x . 

a — x ’ ’ k 

Erit ergo lydyzz aaadx zz aaadx , & fumta 

✓ * 

(*— *) 

</x conflante erit 2</jr 2 +-zy d dyzs—*aa a d x dzy & 

2 2 

2 y d d y ~ a a 4 d x d z — 1 d y 2 m — 

2 2 

( ' 2 - ' % 
a 4 ad x dz — izz dy > d dyz:*— a a a d x d 2—2 2 2 

** 2J fiS " - ’ 
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C2«^ dx 2 —>zaaaxdx 2 — dx 2 +-a^ xdx 2 ss 

l a a x 

iy zz 

0 , fi nempe fiant neceffaria» fubftitutioncs ; hinc i a* 
—zaaax— a' -t— a x — o , hoc cft 4** — $ax-h- 

1 a a x 

atzzo; Inftituatur divifio per x-— a, fiet 4*— a zz 

o, & x a . 

4 

Aliter • Quoniam y y =: a a x 1 vel ayy — x-jrjr 

a—x 

— aax y five ayyzz a a x +- xyy y erit 2 a ydyzi a a d x 
**- zxydy ■+- yjd x , pofitaque </ x conflante, erit 

2 a d y 2 -i - 2 ay d dyz: ly d xdy-*- lxdy 1 -t-ixyddy 
•t-zy dydxj quare ddyzz ^ydydx+-ixdy 1 —iady 2 

z a y — z x y 

= o, ergo qydydx+-zxdy 1 — 2 a d y 2 — o , fivo 
qydx+-zxdy — zadyzzo, hinc zydxzz ady — xdy y 
& ydxzz a—xitedydxzzzax — zxx (§. 40. ) 
d y 2 d y a 

ergo a—x — 2 a x—z x x y five — a — zx t & x zz 
2; 

1 ' 2 a 

— a t prorfus ut fupra . 

4 

Alio modo . Quoniam d d y “ 

41 dy dx -t-2xdy 2 —2 ady 2 zz o, erit etiam 4 ydx 
z ay — 2 xy ■ 

■*-Zxdy — . zady zz o, pofitoquc loco dy ejus valo- 

re_/ 
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re aadx+-yydx.> erit $ydx (2x— 24) {aadx-*~yydx} 

lay — 2xy lay — 2xy 

= o, hoc eft iaax— l a a a — 6 xyy—~ 6 ayy. Loco 

yy fufficiatur ejus valor a a x , erit zaax— zaaa =; 

a— x 

6 aaxx~ 6 aaax\ five zaaax— zaaxx~za^+- 
a — x 

iaaax^z 6 aaxx — 6 aaax t nempe 4XX— 54X+- 
44 = o. Inftituatur divifio per x — 4, erit 4 x~ 4 es 

o, & x = — <* > ut fupra . 

4 

PROBL. LXVIII. • - 

205. Invenire punAum flexus contrarii in curva , 
cujus gquatio y s a x . , • 

V(rx--xx) 

Fiat V (r x — x x) =: z, erit y a ix 

V( rx — xx) 

s «x, quare </y a azdx — axdz. Loco z, zz> & 
z z z 

dz ponantur eorundem valores erit dy szadxV[rx — xx] 

r x — x x 

— «x fr(/x- 2 X(/*] a 4 rxdx . 

2[rx— xx] V [rx— xx] 2[r x — xxj Vfrx— xx] 

Ponatur nunc V(i/x — xx) a®, erit dv zzrdx — ixdx y 

2V[»X — xx] 

& dy~ arxdx \ hinc ddyz: arvdx 1 — \arxdxdv =0, 

2 v ^ 2 ® ^ 

proindeque arvdx 1 a %arxdxdv. Reftituantur in lo- 
cum ©> & dv eorundem valores, erit ardx 2 V[rx—xx] 

O 2 a 
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s 3 $arxdx (rix—ixdx), Inftituatur multiplicat» 
2 V ( r x — xx) 

per 2 V(rx— xx) erit zarrx — 2 r x x = $arr x — 
6 arxx> five 4<*rxx=: *rrx, & x = ~ r » 

PROBL. LXI X. 


2otf. Invenire punflum flexus contrarii in curva, ad 
quam y s V[x+-xxx], 

Erit igitur dj z: dx-t-^xxdxz: e», ergo ddy ~ 
2V[x-t-xxxJ z. 

% d V — v d Z, 6 X d X* 2 V [ X 4— x x x] — — 
t ... 56* . .. „ 4X 4- I U X X 

f</x~3xx</x} [4^-t-t2x Z rfx jajx 4 -+-<5xx- i=e, 
( 4 X+-iaxxx) 4 V(x-+-xxx) 

Hinc x 4 +-2XXS — 1 , x 4 -+-2 xx 4-t = i , & extra- 
3 ~ i 


bendo radice» quadratam xx 4 -i =3 V— fivexx=V~ 


— i,& rurfus extraria radice quadrata 


ixt=V Vi -i. 

i 



PROBL. L XX. 

507. Externae portiones FD, fd fecantium PD, 
Pd intercept* peripbcria AF quadrantis circularis, & 
tangente AD dividantur ad pun<fta H , b in qualibet 
ratione conflanti, quaeritur pun<Bum flexus contrarii io 
curva AHA per hujufmodi divifionum pun<Ba tranfeunre 
Curva haec eft , ut parer, Conchois Nicomedea 
polo P, & regula, live afymptoto BE dividente ra- 
dium 
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dium A P !fi eadem ratione ad pun<Rum B defcripra# 
Quoniam enim PA : A B =: PD : D G = F D : DH». 
etiam reliqua PF ad reliquam G H in eadem ratione./ 
erit ipfms P A : A B . Sed P F =: P A , ergo G H =: A B 
conflanti , idcoque A H b eft Conchois polo P regula— 
BE intervallo AB defcripra. Jam vero ex punfto H 
ordinetur adConchoidem re£ta HK occurrens periphe. 
tix quadrantis circularis in pun&o O, & jungatur 
OB, quae erit parallela inclinatae PH. Eft enim BD 
r=BA = GH, & Ht parallela rcgulx BE; Ergo erit 
BK : KO=a PK : KH ; Quare fi BA fit = a , BP = 
t y BK=sx, KH =:jf, quoniam eft KO= xx) 

erit x : V(aa-*xx) s e 4- x : j , quare y ss 
( F 4 - x ) V (a a — xx)« Eadem quoque erueretur aequa- 

x 

tio y fi ex punfto G duceretur refta G N parallela— 
jpfi BA y effer enim re&a Nij= V(«<*— xx)& cete- 
ra ut fupra ; Quare fumtis differentiis» & muratis 
fignis, quibus afficitur Jxy quippe crefcente j dccrcf- 
cic x, erit dj s x xxdx-*-a*adx» Fiat enim* 

xx V ( «a — xx) 

V(a«— **)s v 9 erit jr ss bv-t-vxy & x jr zs F v 

x 

4 -t>x, quare x^j— ydx zs bdv — vdx-i-xdvy & 
bd v — vdx+-xdv-*-’jdx. Nunc loco v , dk 
x 

dv fufficiantur eorum valores» erit d y =: b x d x 

xV [a a— xx] 

— — dxV (a a — — x x ) 4- x x d x 4- 

xV(aa- xx) 

b d x V [a a — — xx} 4 - x d x V ( a a xx) 3 

X X 

x xx dx-i-aabdxy & fumtis differentiis, pofitaque ix 
xx V(aa~* xx ) 

- conflante , 



110 . 
conflante , 8c fuffc&o v Icco \{aa— xx), cum fit dy 

— xx\dx+-aabdx = xdx +- aabdx , erit d d y rs 

V X X V V X X 

v d x*" — ■ x d x d v — aubxxdxdv — > i et a b v x d x * 

_ — - — ^ 

2 t _ 2 

— Vxxxdx — • x*dxdv~ aabxdxdv-* zaabvdx > 

. vpx^ . ; ; : . 

fuffc<3oque jtjt] loco © » & — * x d x 

V (a a— x x) 

loco d v } erit d d y zz x x x </xV (<*<* — xx) 

4 

*x^ </x 2 -\-aabxxd x^ — laabdx 1 V(a4— xx) s 

— a a x x x d x" — ^aabxxdx 1 -t- 2 a ^ b d x 1 » mu- 
(«|| - X*)V («4 - xx) 

tantur enim figna ob x decrefcentem . Ponatur ha: 
quantitas zz o, erit x x x -+— $b x x — ia a b zz o > qua 
eft aquatio ("olida tali ratione conftruenda . Fiat B Q_ 

JLb -»- 2 — r» & vertice Q» axe vero QB, & paramc- 

l l b 

tro zz ~ A deferibatur parabola b , qua occurrat 

Conchoidi in punflo A, quod erit pun&um flexus con- 
trarii , ut facile demonftrari poteft , & ordinata b R 

s yy — — • b b -f- a a -+— — b x » ' 

} 3 a z 

CO- 
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COROLL 


in 

108. Hinc fi in aequatione jx x -»-* %b x x =3 2 a a b 
adjiciatur utrlnque bbb^-^bbxy fiet xxx-f-^bbx 
■ i~lbbx -i-bbbzz iaab-*-bbb ■+- $bb x zz lby y, nempo 

P = 2PB. L b 1 . Quare fi eadem manente di- 
ftantia poli, nempe PB, variis intervallis BA, B V 
variae conchoides ad eandem regulam B E deferiban- 
tur, flexus eorundem contrarii A, S femper reperien- 
tur incurva parabolica cubica PbS fecundi ordinis, 
cujus axis PC parallelus ipfi BE, parameter vero 

2 PB, erit enim P O : P V* s; L b 1 : XS 2 . Vid. 
SLUSIUM. 

, r , 

PROBL. LXXf. 

209. Externae portiones F D, fd fecantium PD, 

P d ex femicirculi termino P ad tangentem oppofiti ter- 
mini A D terminatarum dividantur in qualibet ratione 17 • 
conflanti n : m ad punfla H, b , quaeritur pumftum 1 /?*• A7, 
flexus contrarii in curva AHi per ungula punfta di- 
vifionum tradufla . ■ , 

Hujufmodi curva eft, ut patet, Hyperciflois , cu- 
jus afymptotus B E diametrum A P in eadem illa ra- 
tione fecat ; femicirculi vero genitoris L K P diameter 
L P eft portioni A B aequalis. Cum enim fit P A : 

AB- PD : DG s FD i DH, & reliqua PF ad re- 
liquam GH in eadem prorfus ratione erit ipfius PA : 

A B five LP, vel PF ad chordam PK» ergo G H 
femper = PK chordae femicirculi LKP, adeoque AH b 
eft Hyperciflois, quam fupra determinavimus. Jarru 
vero dividatur AP in B in ratione w: m y deforiptoque 
femicirculo A OB ordinetur refla HM eidem femicirculo 
occurrens in punflo O, duflaque refla OB fiat BGB 
parallela ipfi A D ; Cum fit PD: G D = P A : AB 
2= n : « - FD : DH, adeoque P F : GH = P A : 

AB, erit permutando P F : PA, ss GH : AB. Sed 

P F : 
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PF : FA - PB : BG,.db fimffit. triang. AFP, BGP, 
ergo BP : PG= GH ; AB, unde PBA= PGH s 
Bg 2 . Sed MB : HG= BP : PG-CH : BA , quare 
MBA=GH 2 ,&AB:BM=GH 2 : BM Z ss 
PH 2 : PM 1 ; Hinc dividendo AM : MB = HM : : 
PM 2 , Eft autem AM : MB =s M O 2 : M B 2 s= 
HM 2 : M P 2 ; Quare O B fubtenfa femicirculi elt 
parallela ipfi PH» Sit jam AP =: *» AM= *, MH 
r= y, A B ~ «m, naro «:*:=: PA:AB» erit BM ss 


m 

4 a — x — m xy MP ss 4 — x i unde an — m x - 



x i— m x x ] : y, & y 
m 

) , quae cft «quado 


m 

— \am — m xj 

an — mx 
curvae propofi- 


tae. Quoniam vero aequationis bujulce difFerentise non- 
tiifi labore improbo fumi poliunt, nccelfum cft ean- 
dem aequationem in aliam permutare, cu^us differenti* 
facilius eruantur , quod quidem obtinebitur , fi loco 
a n =: AB ponatur c , fiet enim y = (a — .*■] V[cx— a. ») 


— {a — x) V*. Ponatur a— x~ e>, & V[c— - x] ~ 
z , erit y = i Vx , & y z s v V x , fumtifquc differentiis 


erit ydz+- z>dy~ vd x ■+- ixdv , & dyzz , odx-¥-Zxav 
zV x lzVx 

— ydz, faftaquc fubftitutionc y erit d y sr 

z> 

ac dx 
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a. c dx — 3 txdk+-2xxdx. Fiat nunc /tc — 3 cx+- 

2 x x =: z> , & f — x —it erit dy s <v d x s 

V 4 x z z % 

r, ergo d d y ~ t d r — r dt ^ hoc cfl , fubftitutndo , 
r r t 

d d j ~ izd x dvVxz — ■nz/x (4zzz</x+-i ixzi.dr) = 

"”T*zzT“ qxzi 2 7 \'^ 77 Tz " 

2x7 dxdv— v? d x 2 — qvxdxd 7, rcdudlionc fa&a 
4 x z z V xz 

ad eundem denominatorem ; Fiant opportunae fubftitu- 
tiones , erit </ y 2: — 3 ccxdx 2 -~ accdx 1 +-^acxdx z 

4X [e — • x] 2 V [ f x — xx ] 

“ o , unde — 3 e ex — a c c +-qa c x~ o , & 4 tf e x — 

3 c c x ~ ac c t five demum x =: <r e . 

4 *- 3 * 

PROBL. L X X 1 1 . 

210. Invenire formulam , cujus ope determinari 
potfir purdlum flexus contrarii in curvis, quarum ordi- 
nata a polo, five fixo punflo procedunt. 

Sit curva ABC, cujus polus P, a quo pro- 
deant ordinata PB, P b y qua fint inter fe infinito 
proxima. DuAa PT normali ipfi PB, & Pf normali 
ipfi P b agantur tangentes BT, B/, quarum altero 
occurret normali P T in punflo T, altera vero norma- 
li Pt in pundlo r, & centro P intervallis PT, PB 
deferibantur arculi TF, B D, qui quidem erunt infi- 
nite parvi, fi quidem infinite parvi fune ang. T P F , 

P B P D. 


Fig. 49 . 
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Kum. 


His pofiris patet in perimetro concava reflam 
politione locatam ctft relate ad pttnflunr, 

P ac locetur in perimetro convexa, «b.quc cfle 1 r 
> PT, & contra . Igitur in tranfitu curvx a conca- 
vitate ad convexitatem, & contrai nempe 10 P 
fexus contrarii quantitas Ef ex pofitiva fiet negat , 

& ; contrario, adeoque tranfibit vel per o, vel per 
co ac proinde aquanda erit nihilo, vel infinito. 

jam vero per conftruftionem fimilia font tnang. 

Er?! A"’-- RTfcW fijnt* 'interce pa^He^ . 

PTF, nam ang. ad D, & F f ' jn * T TPB 
TPF— BPO, <i enimvero ab squalibus ,P ^» 

auferatur communis BPT, 

nunc PBsjf, BDsx ; Et quon.am b D -D - » 

vel B P : P T> erit dy : d x s y : .W rr * 

</ 7 - , 

rea quoniam eft PB: BD= PT : T F , erit y:J* - 
•Vi/x : </x Z = TF. Denique cum fit b P, vel BP: 

PF, vel PT= TF : FE, erit y : .7 d d * — . 

dy h 

d x 5 = FE. Sed tF cft differentia ipfius PT, ergo fi 
d / 

i/x fumatur conftans , erit F E =s < /x</.7 —ydxddj j 

h 2 

proindeque t E = f F -h F E = dxdy 1 -ydxddy+-dx ^ 

dyZ , • r 

qui valor squari delet vel o, vel oo ; Quare mulupU- 


I 
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cationc inftituta per d y z , & divifione per dx, erit dy z 
+- d x Z — y d d y zz o, vel oo, qux eft formula ad 
punflutn flexus contrarii determinandum in curvis ad 
polum* vel fixum pun&uni relatis. 

Idem dicendum de curva convexa ; cum enim in 
pa quantitas t E fit negativa , erit eadem zz —• 

dxdy Z +-ydxddy—dx^ , adeoque yddy — dx 2, 

>' h x ; 

•— i y 2 zz o , vel oo • 

COROLL. 

2ir. Hinc patet, quod fi y potiatur infinita eva- 

nefccnt in formula d y 1 4- d x Z — yddy termini dy Z 

'4- d x Z relate ad yddy\ Quare — yddy ~ o, vel 
oo, & dividendo per — j, erit ddy = o, vel oo , 
quae eft formula pro flexu contrario determinando in_. 
curvis, quarum ordinatx funt inrer fe parallelx. Et 
quidem pofita y infinita, ordinatx funt, vel haberi 
poliunt ut inter fe parallelx. 

PROBL. LXXIII. 

t 

Invenire punftum flexus contrarii in Conchoide 
Nicomedea , in qua ordinatx P/, PT ex polo, fivo 
fixo punfto P procedunt . 

Ducatur PT infinite proxima ipfi Pr , & centro 
P intervallis Pr, P b deferibantur arculi infinite parvi 
t r, b O . Sit A B = « , P B =: £, P/rrjr, ? b — z, / r 
zz dx y erit ergo bt zz y — z, adeoque cum b t ob 
naturam Conchoidis fit = AB, invenietur ejufdem_. 
Kquatto y — z, — a, proindeque fumtis dilferenriis dy 
ss dz>. Cum autem fimilia liat triang. /?BP, H i O , 

P 2 erit 


N tim. 2, 


Fig. 9 . 
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erir £B:BP=:HO:0-&, V(zz—bb) : b =: dz: 
bdz zzOb. Item quoniam fimilia funt triang. 

V( z z — bb ) 

P60, P / r, erit P b : Pts bO : tr, z : z -t- a a 
bdz : bzd z+-abdz e s tr. Sed fr=: dx , 

V“(z z — bb) zV (zz — bb) 

ergo dx~ bzdz-*-ab dz , adeoque V(z,z- — 66) 
”z, V [ s z, — b z •*- a b 

~ d z zz d y , cujus aequationis differentia , pofira d x 
coartante, erit////jr= (bzzz-* -iabz z — jbb bjdxdz- » 

(b z +- ab) 1 V (ii — bb ) 

Sed d z =3 zdx VCzz—bb) , ergo loco d z hoc iprtui 
i z> -4— d & 

valorc fuffefto,crit = [k 4 +- 2 ^Z' 2 z~a^^)^ ' 

[ b z -f- *» b ] ^ 

Quare fi in formula generali d y 1 +- d x z — yddy 
loco d y 1 , y i & dd y fufficiantur eorundem valores 
fupra inventi, fiet eadem r= [z^ — bbzz)d x +» 

[ b z +- a b ] 1 

d x 1 — » £ i> z, ] </ x 2 =3 

[ £ z, 4- a b ] 2 

(^abbz+-aabb— -iazzz)dx Z — o, atque hinc 
[ b z +- a b. ] 2 

<5 i 

z z z — — b b z — — a b b ~ o. 
a a 

Si fuerit 
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;IL 7 

Si fuerit azzl, fiet sequatlo zzz — « — aaz — • 

1 * ? > i 

a a a — o, & divifione inftitura per x-t-4» fiet 22 

1 13 

« z o , fi ve zi-4iH a a , 

2 { >< • 4 4 t 


- - l ,, * - - 

- 4+.V-44. 

2 4 

t ■ . 

PROBL. LXXIV. 

2 i 2 . Tnvenire punflum fiexus contrarii in curva cius 
raturaei ur duflis a po!o » five fixo punflo P ordinatis 
Px, PT &c. fit femper re$ang. P bt~ PBA. * " 
Ponatur jam faftum quod quxritur , & du&is 
inter fe infinite proximis Px, PT centro P intervallis 
P b , P / deferibantur arculi infinite parvi bo , tr. Sit 
AB = a, P B = b , P X rr y, ¥ b ~ z, t r z: d x, erit 
jergo bt z: y — - z , & cu.rvae aequatio fiet ^z — zz =: 

4 *^* proindeque «A+-zz, (k djzz zzd z-~abd a. ^ «*. 

: .zo r i : :i z z ’ v 

Eft autem ob fimUirudinem friang» ABP, H bo, b&z 
~b¥zz Ha : oh, V (zz~-bb).ib.z±,- d z l bdz zz 

V (zz — bb) 

ob, & ob fimiiir. triang. h¥o, t?r, b P : Px — ob :tr\ 
z :j — bdz r by d z zz t r, ergo d x zz 

V; [ z z. — bb] sVfw-T^] 1 ) , ■ i-. ',5 
. k.y .d z , & loco jr pofito. ejus valorc* ctit tr 

z V ( zz — bb) 

Zzab.bdz+~bzzdzzz d X-, hinc dzzzzzdxV(zz-bb). 

zzV[zz~bb J ~ • : * - ■-! ; abb •*nbiz 
Ponatur hicv^lor in fupra invento valore iplius d y, 
erit d y zz z z dx V [n — b b J — a bdx V [ 7.,7. — » bb ] r . 

a b b+~ ~b z z 

Sumatur 



i 
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Sumatur r aequationis, hujufce differentia , ponen- 
do d x conftantcm , erit d d y — 

(qabbziz-t-bz^ — 4 «£ 4 2 _ aa b b br) d xdz . Re- 

( ab b -t-bzz) Z V (zz — bb) 
ftituatur in locum ^ z ejus valor * erit dd y = 

-t~bz~l ~ qab^ z^ — aab^ z % ') d x Z \ 
[ab b +-bz z ]$ 


“ o, proindeque fi in formula </y 2 -4- * 2 — yddy 

.53 o fiant ncccflarix fubftitutiones, & ordinetur «qua»- 


tio, fiet z 4 

53 O • i. 


+-— a bzz ~ 4 bbzz — ~abbb—~*a bb 

l i l l 

PROBL. LXXV. 


21 $. Sit portio circuli AB£C, cuju< radius P A, 
fitque curva A D«F ejus naturae, ut du£io a quovis 
fo* punfto B arcus circuli radio B P fccante curva m in D 
** fit fempcr arcus A B : B D3 B D : a y quaeritur punftum 
flexus contrarii D • 

Ex punfto P ducatur radius Vb infinite proxi- 
mps radio PB, & centro P intetvallo P D deferibatur 
arculus D E . Sit autem P A, vel PB=r, ejus portio 
TDs.r, erit ergo B D — r -* y j Sit praeterea A B = 
z, & DEs dx t eritque ob naturam curvae a z = rr 
_ 2 .ry+-yyy quare, fumtis differentiis, erit adz = 
— 2 rdy 4- 2jf dy , five d z — ly dy — zrdy zz B b . 


jam vero ob fimilitud. feflorum PBb, PDE, erit 
P B ; PDsBi: DE, r iji = lydy — zrdy d x s 

r a 

ZJ.ydy — zr y d y, cujus differentia, pofita dx r coti. 


4 r 

. o 


flante, 
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flante, erit 4y^y 2 4 - I y 1 ddy ~ ir dy 2 — iryddy\ ' 

hinc y dd y zz r d y 2 ~ lydy 2 . Igitur fi in formula 

______ 

generali </ y 2 /f x 2 — yddy loco d x 2 , & — y/f</y 

fufficiantur eorum valorcs , erit d y 1 -t~ d x 2 — y d d y 

ZZ d y 2 — 4 y 4 y 2 — 8 ry^ </y 2 +~4rryy</y 2 

a a r r » 

— r dy 2 a- t.vi y 2 = o , hoc eft neccfiariis inftitutis 
y -r 

operationibus 4 — i 2r y 4 -t-i 2rr y^ -• 4 r r r y v 

-f-2*<irry — 2 aarrrzz o, qua refoluta squationo 
obtinebitur valor ipfius P O* 

CAP. V. 

De ufu Calculi Differentiarum fecundarum itL. 
determinandis evolutis, & fubevolutis 
curvarum, & radio ofculatore. 

D E F. 

214* C 1 curva A B C D in fua perimetro convexa_. 

. ,^° a ^ ,( l uo » quod fit perfcflc flexibile , & 

diftraflionts incapax , convolvatur , filum autem fit 
fixum in D, liberum vero in aliis curve pumSis, & ab 
extremitate curvae ipfius A filum exfolvatur ufque in_, 
D» ita ut perimeter curvae A BCD filo ipfo explice- 
tur, patet extremitate A fili fe exfolventis & in reflas 
BE, CF, DG fe fe componentis 'generari curvarru 
aliam in G tetminatam, nimirum curvam AEFG, 




quam 



quam deinceps Curvaro ex evolutione genitam* vel li. 
neam evolutionis appellabimus. Curva autem ABCD 
dicetur evoluta curva: AEFG, & punflum A ejufdrtu 
origo , punflum vero G terminus* fi punflum D ter- 
minus fuerit ipfiufmet evolutionis. Demum quaelibet 
cx reflis BE, CF &c. dicetur radius evoluta , vel n. 
dius curvedtnis , five etiam radius ofculator , quo no- 
mine veniunt etiam Circuit radiorum ofculantiunu 
B E , C F &c. 

COROLL. I. 

215. Confiat autem cx genefi curvx AEFG, 
quod fi arcus AB curvx ABCD dcfuillct, nimir unu 
(ola curva BCD filo fuifler convoluta, ad cujus extre- 
2 « mum B fili ABCD portio AB tangens futffct , in_. 
punflo nempe» ubi incipit evolvi» extremitas hujufco 
fili fe exfolventis ufque in D eundem curvx arcurrL, 
EG» ut fupra» dcfcripfiflet, cui quidem curvx» ut & 
curvx BCD exdem, qus fupra, definitiones conveniunt. 

COROLL. II. 

11*5. Illud etiam confequitur ex genefi curvx AEFG, 
quod ubi extremitas A difli fili erit in quolibet punflo 
E curvx AEFG, portio ipfius BE femper erit xqua- 
lis arcui ipfius evoluto AB. Eft enim ob adplicario- 
nem fili E BCD fupra curvam integram, vel cjufdera 
arcum ABCD fili ipfius longitudo xqualis longitudi- 
ni hujufce arcus ABCD, eadenque ratione cum por- 
tio altera BCD cjufdem fili , quo convolvitur portio 
BCD curvx A B C D fit xqualis huic portioni BCD di- 
V * flx cuirvx , refla FC xquarl debet arcui evoluto ABC» 
. * & refla GD toti curvx ABCD ; Quare femper habe- 

bitur EB +- BC ts ABC ss FC, & EB +- £CD S 
ABCD^GD. ... 

. , l 

e > . V kl . - *• . 


COROLL. 
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COROLL. III. 

217. Patet praeterea , quod fi fola curva BCD fifo 
fuilfet convoluta, portio curvx BC xqualis efTct diffe- 
rentix reflarum BA, CE, & portio CD xqualis dif- 
ferentix reflarum DF, CE, tota vero curva BCD 
xqualis differentis reflarum FD, AB. 

COROLL. IV. 

218. Quilibet radius eft femper tangens cvolutx» 
Cum enim radius fit produflio alterius ex minimis la- 
teribus , ex quibus curva componi intelligitur , radius 
ipfe tanget curvam , nec eam unquam fccabit . 

COROLL. V. 

219. Ulterius fumto arcu EF infinitefimo primi or- 
dinis cujusvis curvx , duflifque normalibus EH, FH 
a a curvam , fi centro H intervallo F H deferibatuc 
arculus t K , cadet hic intra curvam A EF verfus E. 
Eli enim ob curvx A E F G genefim refla E B xqualrs 
curvx AB, & refla FC xqualis curvx FC. Sunt 
autem tangentes infinitefimx BH, CH fimui majores 
elemento curvx B C , quare reflx E FI , H C fimiff 
fumtx majores erunt curva ABC, nempe refla FC» 
& ablata communi FI C erit E FI major refla F H » 
unde circulus FK centro FI, & radio Fi F deferiptus 
cadet intra curvam . 

COROLL. VI. 

220. Patet denique ex di$is nullam dari pofTe evo- 
lurionem integram curvx, qux punflo fexus contrarii 
donetur. Si cnimvero id fieri peffer, neceflum eifet, ut 
in punflo fexus contrarii filum fe fe exfoivens evolu- 
tam tranfgrcde rctur , nempe motu moveretur illi con- 
trario, quo ante punflum ipfum movebatur. Cuim. 

Q„. autem 
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aurem hujufmodi motus dici non poflfit continuus, con- 
flat apertilhme duas curvae portiones, quas extremitas 
fili fe exfoiventis deferibit, tum antequam ad punflum 
flexus contrarii pertingat , tum poflquam punflum ipfum 
fuerit praetcrgrelia non modo ad unam eandemque li- 
neam pertinere non polle , fed ne ad unum quidem^ 
idemque cius curvae . 

COROLL. VII. 

22 1. Unde conflat exiftere miMo modo pofle pun- 
flum illud, quod Cl. HOSPITALIUS, ceterique_> 
omnes de re Algebrica Scriptores vocant punflum_. 
regrejjut fecundx /peciet, adeoque inepras , ac proifus 
fupcrvacaneas elfe formulas illas , quas iidem Auflores 
ad ejus punfli inventionem ftabilierunt. 

THEOREMA. 



222. Si sit quaevis curvae porrio A R infinitefima_. 
primi ordinis, & a purflis A, B ducamur reflae A D, 
BD normales ad curvam, hujufmodi reflx pro aequa- 
libus haberi poterunt . 

Secus enim ponatur DB> AD, & ex punflo 
A ducatur A E normalis ad BD; Et quoniam ang. 
ad A efl reflus, & ab ang. reflo cadit in basin» nor- 
malis A E , erit DE: EA = E A : EB, nempe finita 
quantitas ad infimtefimam primi ordinis , ut haec ad 
infinitefimam fecundi , proindeque ipfae AD, BD quip- 
pe quae a fe invicem diferepant quantitate , quae con- 
siderari potefi ut 7 ero, pro aequalibus habendz erunt, 
& triang. ABD pro ifofccle reputandum. 


COROLL. I. 


22}. Unde profluit , quod pofiro arcu circuli infini- 
tefimo primi ordinis A B , differentia inter linum re- 
flum , & tangentem erit infinitefima tertii. Sunt enim 

triang. 
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triang. DEA, A F G fimilia inter fe ; quare erit 
DH : EA = AF : FG, nempe finita quantitas ad in- 
finitcfimam primi ordinis , ut infinitefima fecundi ad 
infinitcfimani tertii . 

COROLL. II. 

224. Hinc colligitur, quod cum tangens fit femper 
major arcu, arcus chorda , & chorda finu reflo , quo- 
niam adfumi potiunt pro aequalibus tangens, & tinus 
reflus , cum non differant inter fe nifi quantitate in- 
linitcfima tertii ordinis, pro aequalibus adfumi pote- 
runt tangens, arcus, chorda, & finus reflus. 

COROLL. III. 

225. Quoniam vero oftenfum eft triang. ABD effe 
ifofcclion , patet arculum quemvis curvae cujuslibet 
inhnitetinium lifdcm on.nino proprietatibus donari cum 
ateu circuli infinitefimo centro D, & radio DA, vei 
DB dtfcnpto ; Quare tangentes AC, CB erunt inter 
fe aequales , & refla D C normalis erit reflae AB, 
camque bifariam fccabit in punflo I . 

COROLL. IV. 

Il 6 > Praeterea quoniam ob fimilit. triang. DIA, 
AIC cft DI: I A = I A : I C zz lA 2 ,&ob circu_ 

D I 

li naturam eft I A 2 =: 2 D I . IO = DI. IC, erit 
2DI : D I = I C : IO, adeoque I O , O C inter fo 
aequales . 

COROLL. V. 

227. Hinc fi centro A intervallo A I deferibatur 
arculus circuli 1 H, erunt triang. A 1 H, IC H inter 

<i,2 fo 



?*4 

fe fm.ilia ob ang. reflos ad punfla T, H, & commu- 
nem in punflo C , quare AC:CI~Cl:CH,& eft 
AC infinitefima primi ordinis, CI infinitefima fecun- 
di ; Quare erit C H infinitefima tertii , adeoque dimi- 
dium chordae AI, five etiam arculus curvae A O dif- 
feret a tangente A C unica tantum infinitefima tertii 
ordinis . 

THEOREMA. 



228. Sumto arcu EF cujuslibet curvae infinitefimo 
1 « primi ordinis, duflifquc normalibus EH, FH ad cur- 
vam, & centro H intervallo F H dcfcripto arculo F K , 
qui quidem cadet intra curvam AEF verfus E, inter- 
cepta EK erit quantitas infinirefima tertii ordinis . 

Cum enim rangentes RH, HC fint majores 
arculo BC quanritare tertii ordinis infinitefima, mam- 
feftum eft curvam AB-t-BH-f-HC majorem effe cur- 
va A BC five refla FC eadem ipfa infinitefima, quare 
ablata communi HC, erit AB+-BH, nempe EH 
major ipfa F H quantitate infinitefima tertii ordinis . 


COROLL. I. 

229. Unde conflat circuli arculum F K confundi 
cum arculo curvae FE, adeoque ipforum alterum pro 
altero adfumi poffe, & tangentem FC normalem efle 
curva* AEF in punflo F, & GB eidem normalem io 
punfto E . 

COROLL. II. 


2^0. Quoniam vero pofito arcu curvae EF infinite- 
fimo ipfae EH, FH fumi pedunt pro aequalibus, cum 
non differant inter fe nifi infinitefima rertii ordinis, 
& ipfae EB, BH a fe invicem diferepent ipfa BH in- 
finitefima primi ordinis, quandoquidem & arcus BC 
evolutae eft infinirefimus ejufdem primi ordinis, & eft 
EB quantitas finita, ergo ipfae EB, BH pro aequali- 
bus adfumi poterunt. 

CO- 
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231. Hinc patet, quod ut determinetur quodvis 
pun<$um B evoluta, five longitudo cujufvis radii ofcu- 
latoris F. B, data normali EH pofitione inveniri de- 
bet punftum H, in quo eadem EB fecatur cum nor- 
mali infinite proxima F H , quod qua ratione praeftari 
poflit infra declarabitur . 

THEOREMA. 

232. Curvae per fili explicationem genitae curvatura 
maxima eft, ubi incipit evolutio, minima vero, ubi 
definit . 

Circulorum enim curvitates funr reciproce ut 
radii, a quibus circuli ipfi defcribuntur : Circulus quip- 
pe radii longioris minorem habet curvaturam, quam-, 
circulus radii brevioris quippe in ampliori circulo dif- 
pergitur, quae in anguftiori magis colligitur curvaturae 
fpccics. Atqui quilibet arcus curvae genit* per fili expli- 
cationem nihil eft aliud, fi minimus accipiatur, quam 
arcus circuli, cujus radius eft ipfemct evolutae radius, 
& radius evolutae minimus eft, ubi incipit evolutio, 
maximus ubi delinit, nimirum curva per fili explica- 
tionem genita conflat ex infinitis hifcc arcubus circulo- 
rum minimis, quorum radii numero infiniti radii evo- 
iutae, ergo patet prepofitum . 

THEOREMA. 

233. Quaelibet curva, & cujufvis ea fit natur* 
haberi poreft pro linea evolutionis alterius curvs, quae 
cjufdem eft evoluta . 

Quoniam enim ad omnia cujufvis curvae pun&a 
duci poliunt tangentes, ita ad fingula quaeque cujufvis 
curv* punfia erigi poflunt normales, quae alicubi fe-. 
fccabunt, cum non Imt inrcr fe paraliels, quare fi in- 
ter fc infinite proximae concipiantur, fingula quaequo 

punaa 



punfta concurfus duarum normalium infinite prcx ! ma- 
rum ciunt purnfta alterius curvae, quae erit evoluta • 

THEOREMA. 

2^4. Si linea evolutionis fuerit curva geometrica-, 
cognita , longitudines radiorum evolutae , ejufquc qua- 
dratura , & proprietates determinari poterunt . 

Quod patet ; Cognito cmm radio cognofcitur 
& arcus idem rclpondens . 

THEOREMA. 


Fig-SA- 


235. Diftantia centri ofculatoris circuli ab ordinata 
curvae eft ad unitatem ut tertia proportionalis elemen- 
torum abfcilise, & curvae eft ad elementum rationis 
elementorum abfcilfae, & ordinatae. 

Accipiatur in perpendiculari CG quodvis pun- 
&um G, ex quo ducatur GF normalis ad axem. Sit- 
que A F = 4 , GF— F, AB — *• , R C — F H - > , 
erit CO= dx, O c = d y , Et quoniam triaog. GHC» 
& CO c funt fimilia erit G H : HC = CO : Of, i+- 
j:a — x~dx:dj/i & b +-y — f a—x)d x\ Ubi au- 

d y 

tem punflum G eft ad evolutam , eadem manet tum_. 
a , tum F, cum utraque CG, cG in idem commune-, 
punflum conveniant, ideoque ut conftans tranari de- 
bet ; itaque fumtis differentiis poftremae aequationis po- 

fitaquc dy conftanti, erit dy = addx — xddx — dx 1 

d J 

five dy 1 ~ (a—x)ddx—dx Z , vel d y 1 - 4 - d x 2 =: 
(4 ■— x)d dx. Sive ds 2 =r [4 — x]ddx, & d r 2 ss 

2 dy 

[4 — x]d dxy hoc eft d s : d d x — 4 — x : i , nempe 
' Ty dy dy 

tertia 
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fertta proportionalis poft dy % & ds eft ad elementum 
rationis d x , quod eft ddx y ut diftantia centri circuli 

dy dy 

olculamtis ab ordinata ad unitatem , ut invenit 
Li-iBNITlUS * . 

THEOREMA. 

11,6. Radius ofculi eft ad unitatem, ut elementum 
unius coordmutx eft ad elementum rationis alterius 
coordinarae , & curvae. 

Ponatur radius G C = r, eritque r : a — x = 
ds : dy y fivc rdy — « — x, & fumtis differentiis, po- 

d s 

fitaque ds conflanti, rddy “ — x , itaque r : i er 

d s 

~—dx : ddy % proindeque dsdx =: r , utJACOB. 

d s . d dy 

BERNOULUUS invenit. 

PROBL. LXXVI . 


* AB. Lypf. 
1694. 


11,1. Data linea evolutionis ACc, cujus femiordi- 
ratar MC (int axi AR perpendiculares, & data qua- 
libet ad curvam normali PC, determinare valorem.. 
radii PC evolutae cjufdcmmet curvae ACf* fivc con- 
curfum normalium PC, Pc inter fc infinite proxi- 
marum . 

Ex punflo c ducatur refla c m normalis axi 
AR, quae erit infinire proxima refl® CM fiquidem., 
punflum c ponirur infinite proximum punfto C . Ex 
punflo P concurfus ducatur refla PG axi AR paral- 
lela, occurrens in punflis G , g ordinat s CM, c m 
produflis. Ponatur CG=z>, A M =: x , MC — jy, erit 
ergo G g — M iw =: CHer rfx, cW — d y zz dz . Quo- 
niam vero ang. GCH =r PCr, quippe funt ambo re- 
fli , fi auferarur communis PCH, erit ang. GCPcs 
HCf, & ang. ad G , & H funt refti ac proinde_> 
squales, quare triang. CGP, CHc funt inter fc fimi- 

milia , 




Digitized by Google 



iz8 

milia « proindcque C H : Hc — C G ;GP* d x \ d j “ 
* : * d j , adcoque f Ps AM +- oF-x+- z d j . At 

d x d x 

hic valor, ut & valor ipfius AF pcrfcverat idem, 
fi fpc&etur radius C P , vel c P , ergo cjufdenu. 
differentia squalis nihilo fit oportet , erit igituj 

+-%d xd dj-t-dxdydz — zdyddxzzo, hinc a 



dyddy — dxddy 

CP, dxidtzzz : zdt , crgoCP zz dx 2 dt +-dyd zdt . 

~Tx dyddx — dxddy 

Atqui dy zz dz, quare C P — dx 2 d t d y d t zz 

dyddx — dxddj 

dyddx—dxddy 

bi ergo dx ponatur conflans , vel d d x zr, o, 

fiet C P = dt* . 

— dxddj 

Si ponatur conflans dt t CP erit zz dt dj\ 

d d x 


Quoniam enim dx 2 -t- d j 2 zz dt 1 , fumtis differentiis 
erit id xddx-t-zdyddyzz oj Quare ddj zz — dxdd.x, 

dy 

proindeque CP zz d t 3 zz dtdy, polito 

dyddx — dx 2 ddx 

*y 

dt 2 loco d y 2 +- d x 2 . , 

Si dj ponatur conflans, erit CP=3 d t * 

djddx 
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Quod fi loco dt ponatur dis +- dy , erit 

l 

dt % rs (</x 2 -t-dy 1 )* , quae cfl formula HOSPI- 
'—dxddy — dxddy 

TALI AN A radii ofcufatoris, & fic dc cctcris formulis. 

COROLL. 

238. Hinc eruitur, quod fi fuerit curva quaelibet, 
cujus coordinatae x, j, ejufquc differentialis aequatio 
dxzz vdy f per v intelligatur quantitas ex x, j, & 
conflantibus utcumque coalcfcens,] pofito dt elemen- 
to curvae, erit radius ofculi dt 7 * ; Sumta enim dy 

dy 1 d v 

conflante, cum fit dxzzvdyy erit ddxzzdvdy 9 
adeoque fuffctfo loco ddx ipfius valore dvdy , pro- 
dibit radius d t 3 Sic ubi ax^yy adcoqoc ndx 

dy 1 d v 

= 2jdy t fit d x — iydy , & v =3 2.7, unde dv = 

* . 9 a 

2 dy , itaque radius ofculi adt 5 . Sic autem confirui- 
* * 2dy i 

tur formula d t % .Ex punflo T, ubi tangens 
dy 2 d v 

curvae AC occurrit axi, crefla normali TG, quae fe- 
cet normalem ad curvam in punflo G fi conflruatur 
nova curva ZP ex quartis proportionalibus BP poft 
BC, BT, & conflantem V ad arbitrium adfumpram, 
6 l ducatur tangens PM novae curvae, mox fiat TB: 

, R BM 


Fig. 5 6 . 
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BM:= GE: CD, «it CD tadius ofculi. Eft cnim_ 
BM . GE =: CD, & ob tinniit. triang. GTE, TBC 
TB 

eft CB:CT=;TE:GE=:CT.TE. Sufficiatur hic 

CB ’’ 

valor ipfius G E in illius locum, erit BM.CT.TE 

” T B . C B 

s C D . Sunt autem fimilia inter fe triang. TBC, 
T C E , quare erit TB;CTs CT: TE = C T 2 ; qua- 

T B' 

r« erit CD =2 BM.CT^ . Atqui ex conftru<ftione_* 
T B 2 c B 

eft V : P B = B C : B T , adcoque P B . B C = B T ; igi- 

v . 

tur praecedente valorc in hujus locum fuffcAo, erit 
^P sBM.C TlV r dx.dt^,V s d t* . 

PB.CB 2 . BT dx.dj X .V.dv dy 1 d v 

Huic fere fimilem conftruiftioncm prsebct Ana* 
Jyfta plane fummus JOH. BERNOULLIUS. 
Quinimo eadem conftru&io obtineri poteft indepcnden- 

tcr a formula radii ofculatoris d /3 .Sit enim ve- 

4 • . • • dy 2 dv 

to A C curva propofita , cujus tangens CT in punflo 
C, & cr-in punflo c alteri C infinite proximo. Su- 
matur extra curvae axem quodlibet punAum Q , per 
quod ducatur rc<fta QJC parallela tangenti C T, & Q* 
parallela itidem alteri tangenti ct , & fa$o centro 
intervallo QJC defcribatur arcus K L, & ad abfcilTam 
A B propofitae curvae defcribatur alia curva Z S ea le- 
•v • i g c » 
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ge, ut produfla ordinata CB fit BPr: AK, & bf 
zzQJt &c. curvae autem ZS tangens in punflo P fit re- 
fla PM, erit BT:BM = GE:CD radium ofculi in 
punflo C . Eft quidem L K : K k == Qj\ : QJ( es C B : 
CT;;R (K*) : PR = BP : PM= AK: B M ; PR 
(COj: Cf = BT:CT=CT:TE, quare fi ducan- 
tur in fe mutuo huiufmodi proportionum termini hornos 
logi , erit KL:Cc = CB.AK:BM.TE. Et quo» 
niam QK , QJ funt parallelae tangentibus TC, tc> 
erit ang. KQkzz T et» Sed huic aequatur etiam ang, 
C De, quare fimiles erunt feflores QjKL, CDe, 
adeoque erit K L : Ce =s QJC :CD = CB . AK: BM. 
ET, proindeque QJC .BM.ET = CD.CB. AK, & 
fubftitucndo ipfarum QK, KA proportionales CE,& 

CB, fiet CE.BM.ETrrCD.CB 2 , & rurfus 
fubflituendo GE, TE loco proportionalium CE, BE, 
fiet GE.BM.TEss CD.TB . TE, hoccft BM. 
C E = C D . TB, unde habetur BT ;BM = GE:CD^ 

Si ordinatae BP ipfis QK aequales fierent, & ex 
termino M fubtangentis erigeretur refla M H norma» 
lis ad axem occurrens normali EC produflae , radius 
ofculi CD aequalis effet portioni CH extra datam cur- 
vam. In hoc fiquidem cafu fieret LK : Ce, vel QK : 
CDs QA : B M , & permutando QJC : QA = CD: 
B M ; fcd QK : QJi = C E : B E = H C : M B , quar« 
HC: £M = CD: BM, proindeque CD= H C . 

Quod fi srquatio diffcrcntialis curvx fit d y =3 
vdx adeoque pofita dx conflante, fit d dy ss d v d x, 

erit radius ofculi ss dt^ . 

— d x 2 dv 

Si fumatur conflans dy , erit radius ofculi zz 
dt ^ ss dt ^ . 

' Tj- 7v . 

R 2 Denique, 
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Denique* (i ponatur conflans it% erit radiui 
~ d xdt , vd r dydt~ d t . 

*— dd y ddx dv 

COROL L. 


439 . Quoniam vero radius ad fubofculatricctn eft 
ut elementum curvae ad elementum abfcilTae, nempo 

• • 4 

ut d t : d jc, erit fubofculatfix = d t 1 , Subafctdatrix 

. — d d y 

autem* vel Coradiur dicitur reda CG, quae ab extre- 
mitate radii ofcularoris C normalis ducitur ad axem-. 
A R occurrens in pundo G red;e PG, qux ab altero 
extremo ojufdcro radii parallela ducitur eidem axi AR. 

PROBL. LXXVH. 


5*40. Parabolae A Cc fubofculatricem CG, vei ra- 
dium ofculatorem in quovis pundo C invenire . 

Sit abfcifTa AM = x, MCrey, parabolae parametex 
=2 a, errtque ejufdem aquatio yy=a *, quare adx~ 2.ydy t 

& fumta dx conflante, o= idy 1 -t- lyddy-y adeo- 

que ddy ~ — dy 1 . EA autem dy ss adx * ergo dy 1 


55 


y 




S a adx 1 5 & per consuens ddyzz — aadx 2 . Suf- 

.4 Xt . 4 XV 

ficiantur hi valores in formula fubofculatricis , fiet 


df 


~ 4 yyy +- y — 4 x V ax -+- Vax — C G . 


— - ddy aa a' 

Ex pundo C ducatur tangens CT occurrens axi 
in pundo T, a quo fi ducatur TG parallela normali 
CK, occurret ipfa redae MC produdar in pundo quae- 
fito G« Cum eoim ang. CTG fit redus , erit CM : 


M T 
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M T — M T : M G , hoc eft , ob parabolam , Vax : 

2 x =3 ix : 4XX =: 4 yyy zz 4<rxV ax zz 4 xVaxj 

V ax a aa a 

Quare C M 4— MG, hoc eft CG ~ 4 X V ax 4- Vax» 

a 

Quod fi determinata CG ducatur G P axi A R paraj- 
lela occurret haec normali C P in punflo P, quod erit 
ad evolutam . 

Aliter • Eft ob fimilit. triang. CMK, CGP, 

CM : MK =s CG : GP, Vax a zz 4xV*x 4- 

2 - 

a 

"Vax : 2x +-~ 4 zz GP zz R M, ergo K R zz .2 x:, 

adeoque fumta KR dupla ipfius AM, vel MR = TK* 
duiftaque RP parallela ipfi CM occurret haec normali 
CK produflae in pun<fto P; quod erit ad evolutam. 

Quoniam ergo eft CM : CK s CG : PC, erit Vax : 

V[4 ax+-aa]zz 4 xVax-t-V a x:[^a x-+-a a] V [qax-*-aa] 

■■ ■ ————— ■ - ■ — 1 ■■ ■ .■ 11 

2 a zact 

zz [4x4-4] Vf4x+-aJ zz CP radio ofculatori . 

iV a ' J * * 

Juxta priorem methodum. Sit AC parabola; 

erit BC : CT zz BE [= — parametri zz V conflanti] : * ST*' 

2 

BC, quare ipfa BC = BP, ejufque fubtangens BM zz 
BT ; cum autem fit BT = BM, erit EG = CD, & 
ablata communi CE, fit reliqua GC = ED, quod 
convenit cum fuperiore conftruflione , quae eft Clarifs. 

HOSPITA LII pag. 8 ;. Siquidem ex occurfu tangen- 
tis dufla T H normali parallela, arque hinc HD paral- 
lela ad axem, habetur H T == EO — CG . 

* * * , 

%%•*•+.% ... . . •• • 

. r j : Si loco 
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’ PROBt. LXXVIIIa 


»5? 


241* Invenire radium ofculatorem ad determinatura 
curvae pungunt . 

- Sufficiatur in formula radii ofculatoris finita_. 
valor ipfius x detcrmioato alicui punfto conveniens, 

& problema folvetur, ut patet. .. . ... , ; . .. 0 . 

i * 

PROBL. LXXIX. 

242« Invenire radium ofculatorem in vertice A , five, 
lineam AS inter initium evolutae, & curvae verticem- 
interceptam . 

Quoniam in vertice A eft x — o, deleatur in- 
expreflionc finita jam adinventa radii ofculatoris ter- 
minus % in quo occurrit x, & problema confcflum- 
erit , ut conffat . 

COROLL. I. 

243. Qponiam ergo in cafu parabolae radius ofcula- 
tor cft s (4<ax-+-« a) V (qax-t-aa) deleatur in ipf<u* 

2 a a r 

terminus 40X, & fiet ASss — a se fubnormali , vel 

2 * r 

dimidio parametri . ' * 7 • r • i 

Idipfum ex eo etiam generatim patet, quod fi EV - Q 
concipiamus ordinatam B D accedere ad verticem A , * j u» 
& fieri infinite parvam, tunc DE conveniet cum ipfii 
BE, & erit BE, aut illo cafu A E, radius ofculi. 
pt quidem fi ordinata bd fiat infinite parva accedens 
ad verticem A, cum normalis & fubnormalis be 
aequales inter fe fiant, diminuta in infinitum carundem 
differentia , prope verticem A concurfus normalium- 
curvse A e, de determinans centrum circuli ofeulaotis 
curvam in vertice A, fci licet maximi circuli eidem in- 
fcriptibilis reperietur in pun&o e, vel C» quod difta- 
bit a vertice A intervallo dimidiae parametri . 

. . JL * _ v Quare 
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Quare cum Gt BE ~ fi in hoc valoro 

d x • , 

fufficiatur valor alterutrius, & alterum ponatur == o, 

habebitur, ut patet, valor ipfius BE, vel potius A E. 

Ex: gr: in parabola erit = — adx % & ydyzz— 4 

d x 

c A E . In hyperbola erit ydy — ad x -¥-xdx t adeo- 
que ydy s a +- xzza. In prima parabola cubica idera 
d x 

radius fiet =2 a a • in quadrato quadratica idem erit = 

\y 

a a a ) in fubfcquenti quinti ordinis parabola ipfe fiet 

433 

s= a ^ ; atque ita porro. In verforia idem radius erit 

5 333 : • •• • ■- ;> 

sd-i azz radio circuli genitoris. Cum autem fubtan- 

gens prope verticem fit dupla abfciffk ( §. 40. ) patet 
verforiam fere coincidere cum parabola parametro A B 
, deferipta, quam idem ipfe circulus pariter in punflo A 
' ofculatur Quanquam tota haec parabola cadit inrra_. 
Verforiam, fiquidem illius ordinata aequalis elfet chor- 
dae AC, hujus vero aequalis AF fubtenfae angulo re- 
flo ACF, idcoque majori quam fit AC. Eft autem x 
. - ' : ’ ■ •» . • . , 

a in punflo flexus contrarii Vcrforiar, quare or- 
dinata G D in eodem punflo aufert portionem axis 

AD=r— diametri, fcilicet refpondet foco parabolae 
4 

Verforiam ofeuiantis . 


COROIL. 


Digitized by GoogI 


-COHOLt. II. 


r 




244« Quoniam vero centrum circuli maximi para- 
boiae infcriptibilis repentur in punfto e y vel C di flan- 
te a vertice A per intervallum dimidix parametri, pa- 
ter quod fi hujufmodi circulus fuerit circulus A G F ra- 
dio AC deferiptus, eadem erit curvatura parabola? AD 
in vertice A cum curvatura cjufdem circuli , quare,» 
anguli contatfius HAD» HAG, parabolicus nempe, 
& circularis erunt unius ejufdemque rationis. Contra^ 
vero, quoniam y elt infinite parva, five infinities mi- 
nor quam a, ipfa queque a erit infinities niinor ra- 

3 

dio ofculi parabolx cubicae, adeoque hic radius abfo- 
lute infinitus. Et fane ducatur DE normalis ad quod- 
vis ejufdcm curvx punflum, erit ex natura curvx ipfius 

£ D 3 = A H 2 . A B, quare A B : B D = B D 2 : AH 2 , 
& 3 AB : BD, hoc ell fubtangens ad ordinatam, vel 

ordinata B D ad fubnormalcm B E =: 3 B D 2 : AH 2 


r= B D 


2 AH 2 = BD: B E = 

i 


ergo femper BD. BE = ~ A H 2 


B D 2 : £ D . BE, 

; hinc triang. DBE 


squale conflanti quantitati , eruntque fubnormales 
omnes reciprocae ordinatarum, nempe B D : bd r= be : 
BE; Eft autem accedente bd ad verticem, BD infini- 
te major ipfa b d, quare viciffim erit be infinite major 
determinata BE; adeoque dux normales ad curvanu. 
prope verticem A, videlicet Ar, de convenire notu, 
poliunt, nifi ad infinitam diflantiam, proindeque cen- 
trum circuli ofcularoris e infinite difiabit a vertice, 
atejue adeo curvatura parabolx cubicx A ^ D eft infi- 
rities minor curvatura parabolx quadraticx, & ideo 
infinities minus recedit a tangente AH, quam recedar 
parabola quadratica, fcilicct ang. a tangente, & pa- 

S rabola 



rabola cubica comprehenfus infinities minor efl ang. 
quem eadem tangens cum parabola quadratica com- 
prehendit. Praeterea quoniam yy eft adhuc infinities 
minus quam ay , & infinitis vicibus infinities minus 


quam aa y ergo pariter a ^ erit fecundo gradu infinities 
minor radio oftuii parabolae biquadraticae . Et quidem_. 
pofita A d D parabola biquadratica faftaquc cadcm_, 
conltrudione offendetur fore femper folidum cx fub- 


normali BE in quadratum ordinatae BD squale — cubi 

parametri AH, quare fubnormales fant reciprocae qua- 
dratis ordinatarum , five ut B D 2 : b d 2 — be : B E. Efl 

antem BD 2 :bd z in duplicata ratione finitx B D ad 
infinite parvam b d , aut infinitae ad finitam, ergo ra- 
dius ofculi hujufcc curvae ad punflum A erit plufquam 
infinitus , idcoquc longe infinities mintis recedet hu- 
jufmodi parabola a tangente AH, hoc cft angulum^ 
contatBus adhuc infinities minorem, quam praecedens, 
comprehendet. Irem quoniam yyy eft infinities minus 
ayy , & infinities adhuc minus aay, & iterum infini- 
ties minus aaa y erit pariter a in tertio gradu infi- 
nities minor radio ofculi parabolae quints , quod rur- 
fus eodem procelfu , quo fupra, confirmatur. Non ab- 
fimili ratione ad parabolas altioris ordinis progredien- 
do oftendetur crefccre rationem radii circuli ofeu lato- 
ris, atque ita infinities minui fingularum curvaturam, 
femperque magis contingentis angulum coanfiari ( qua- 
lilcumque fit gracus parabolarum m ) in ratione tam., 
multiplicata rationis fimpliciter infinitae, quam multi- 
plex cft m — 2 unitatis . Sit enim AB = x, B D = J » 

& curvae aequatio y ~ a x, erit my d y 

= * m 1 dx t & a m 1 dxzz dy t unde fubnormalis 
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« =2 ydy =3 'Itaque — a”'"* 1 * 1 conflanti, 

-r.T • ‘ nt y m ’~ ml •*" MT . 

& y m ~ l : a w '~" 2 =3 4 : » , & ratio » : 4 =: • 

m m 

y '”"“ 2 squalis rationi 4 : 7 tam multiplicat* , quam 
multiplex cft m — i unitatis. Unde hujufmodi parabo* 
1* quemlibet circulum ut ut ampliflimum intra fe con- 
cludunt , cum arcus earundem fat magnus AdD ad 
tangentem propius accedat , ipfique quodammodo ad- 
hzreat. Quod (i fuerit hyperbola AD ejus generis, ut 

polita A L == 4, fit 777 = (4 4 -x ) 2 x =: a a x ■+- 
2 «jrx+- xxx, quoniam $Jiydy = aad x •*- 4 axdx 
H-^xxdxy adeoque «/7 = a a dx+~ 4 axd x-t-^xxd x, 
erit n r: 7 </7 — 4 4 +-44X •+- 3 xx, & ubi x s o in 

d * l.J 

vertice A , erit fubnormalis » = 44, proindeque infi- 
nita, cum 37 infinite parva fit ad finitam 4, ut ea- 
dem 4 ad fubnormalcm. Si fuerit y^ 55 (4-4-x)^ m 

5= 4 4 4 x ■+— 3 4 4 x x -f- ^ 4 x x x -f— x^ , erit 4777^7 rs 
aaadx-¥~ 6 aaxdx-t-gaxxdx-t-^xxxdxy & d y 
= 444 dx-t- 6 aaxd x- 4 -gaxxdx-t-^xxxdxy unde 
nzzydyzz a * a+- 6 a a x-*-$ a x x-*- /\x x x > & ubi 

^ * 47.7 

x = o , « := 4 4 4 , fcilicet 477 : 4 4 — 4 : qu* erit pluf- 

4.77 

quam infinita, & ita porto. 

S 2 


THEO- 



i*4<> 


THEOREMA. • 


145. Anguti contadus circularis fune reciproci ra- 
diis ofculorum. 

Sint duo circuli AGF, AKD, quorum radit 
fint AC, A E. Ducatur reda GKM radio AC paral- 
lela ufque ad occurfum tangentis, At ponatur AC = 
4, AE r t, AM = y, MG =e x , MK = c, erit yy 
5= 2«*x — xx, eademque yy =v ibv — ®», quarta 
2 jx — xx — ibv — v v . Jam vero ponatur nunc re- 
da MG infinite proxima ipfi A E, evanefeent profe- 
do xx, & vv utpote infin ties minora quadrato ipfius 
AM jam infinite parvo, feu 77, adeoque exterminari 
poterunt ab aequat onc; Reflabit igitur ibv = iax f 
proindeque x : v = b : a , (ive MG:MK = .AE: AC, 
fiquidem accedente in infinitum reda M G ad radium 
A E, eadem MG fit perpendicularis arcubus AG, AK, 
& haberi pote<t ut arculus circularis radio A M infini- 
te parvo deferiptus , quo menfurari pofiit quantitas 
angulorum GAM, KAM. - • 

COROLL. I. 

24^. Hinc paret quo modo datus angulus contin- 
gendae circularis M A G in data ratione fecari poflit, fi 
nempe adfumatur radius A E ad radium AC dati cir- 
culi in ratione data, coque radio deferibatur circuli 

arcus AKD. 

v. • 

r COROLL. II. 

, • 1 

241. Patet praeterea quamlibet fedionem conicam, 
cujus dimidia parameter fit A E eundem pariter con- 
tingendae ang. M A G in data ratione fecare . Nanu 
quaevis curva aequicurva eft circulo ipfam ofculanti . 
Cum autem fediones cooicas ofculetur circulus per 
'rinm<! diametrum hahrn« apnnalem par3- 


Cum autem fediones cooicas ofculetur circ 
verticem deferiptus diametrum habens aequalem para- 
metro, quaelibet conica fcdio cujus dimidia paramo- 

- - - - ; tet 
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twt: AI? emeaturam habebit circulo AKD ipfam ofeu- 
lanti congruenrcm , ira ur prope verticem A altera-, 
ab alrerp diftingui nequeat, quare & ipfa angulum-, 
conu&us m eadem ratione fecabit, 

COROLL. III. 


*4g. Hinc quantitates anguli contaflus reflat cunu 
qualibet curva revocari poterunt ad menfuram pet 
reciprocum radii circuli curvam ipfam ofculantis. £11 
enim ang. M A G ad ang. M A K reciproce ut radius 
hujus A E ad radium prioris AC. Sed iidem funt an- 
guli contaflus curvarum , quas circuli AG, AK ofeu- 
Iantur , ergo hujufmodi ang. funt reciproce ut radii 
circulorum ofculantium . 


PROBL. LXXX. 

249. Invenire aequationem ad evolutam SP para- 
bolae Apollonianx . 

Dufla ex punflo P refla P R parallela ordina- 
tis ponarur zz z, & SR = x». Quoniam vero P R sz 

MG zz 4xV«x, erit * = 4xV<*. Sed S R = A M 
- - 1-1 

a m . 

+-MR-AS, & GP = MRz a (ob fimi* 

lit triang. C M K , C G P ) quare SR zz x-r-ax-H 

■i a — — a zz u=«i uode x zz v . Subftituatur v 
xx . — — 

\ 3 

loco x in valorc ipfius % » fiet z zz TI i 6 vvv r & zz 

* 27 <r 

= 1 6 vvv t adeoque 27 azz — i 6 vvv, qux cft 


aquatio 



141 

«quatio ad curvam quzfitam, five evolutam S P. Eft 
igitur evoluta parabolz Apolionianx parabola cubica 
fecunda , cu jus parameter rationem habet ad paraiue- 
trurn datz parabolz quam habet 27: 16 • 

COROLL. 

250. Patet aurem evolutam integrs parabolz C A G 
elfe curvam PSP ad axem AR utrinque convexum^, 
ita ut punftum S fit puntium regrehus . 

PROBL. LXXXI. 

251. Invenire zquationem ad curvam A G K para- 
bolz B E parallelam , five eadem evolutione con- 
deferiptam . 

Sit latus reftum parabolz BE = ia, erit ergo 
* fubnormalis DNs<; Sit et am AB, vel EK =: £, 
• J 7* AC =: x, CK = j, erit B C = x — b fumatur 1 K 
infinite parva, quz erit = dy y & ex punflo I eriga- 
tur normalis IG, erit ergo 1 G = </ x , hinc GK = 

V (dx 1 +- d y 1 )• Jam vero cum ang. NKG fit rc- 
dus, & reflo pariter zquales ang. t EK, PKE» 
demto communi FKE, erit ang, i EK = IKG, qua- 
re triang. FEK» IKG erunt limilia, ac proinde^» 

GK : KI= KE: EF, V(dx Z +- d y 1 ) : dy = b: 
b d y = E F, hinc B D erit = x — b +- 

V(dx 2 +- dy 1 ) 

biy , adeoque DE = V (iax—iab+- 
V( dx 1 +- d y 1 ) 

labdy) & CN ~ a +- bdy 

V(dx*+-dy Z ) V(dx Z +-dy Z ) 

= y dy , ergo ydyzz ad x +- bdxdy 

Hx V[dx*4-dy 1 ) 
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. . * V. v > 

& b dxdy r a V[dx* +. dy 1 ] & bbdx 2 dy 2 =s 
y dy — a d x 

y y d y* 4 - yydx 1 dy 1 — 2 ayd x dy^—iaydy dx^ 
4- a a d x Z dy -t- a ad x* , Efto d y zs v d x , erit 

a 

bbvvdx ^ rrrvT»^ -*-y yvvdx^ —iy wvdx^ 

a a a a a a a 

a 

•+~vvd •+- a ad x^ , unde v ^ -*-aavv — laavvv 

y~ 

-+- v v — a abbvv 4^a =: o ; at erat x = vdv t 

y y y y y y 4 

quare bbvvdy ^ ~ yydy ^ +-vywvdy^—2yvdy^ 
a * a a 

2 ytrvv d 4 — v v d 4 - tft dy ^ , unde tandem^ 

a a a a 

— 2yvvv-*-aavv — bbvv-t-yyvv — 
jrfdy» 4- 4«yj = o. 

PROBL. LXXXIT. 


252. Hvperboli afymptoticae fubofcolatricem invenire « 

Sit hvperbola afymprotica ABC, cujus xqua«- 
tio aa ~ xy, erit a a =3 x, & — aady =3 dx po- pjgr ($Q t 

y y O* 

Ctaquc dx conflante, — aavyddy-t-2aaydy 2 =0, 

7 

unde ddy zz 2dy , quo valore fuifefto in formula-» 

. y - 
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it 1 * fiet D B =; 7 i x 2 4- y i y X , quare -DE, 


-2,/y 2 

vel F G r — y r/ y — y d X , 
l d x id y 

Ducatur per punflum T in quo tanpens B T 
fccat afymptotum MN refla TP parallela EJC occur- 
rens B t produflae in punflo P ; fumaturque B D 
aequalis dimidio reflx B P ad alteram afymptoti pla- 
gam * cii enim ejus valor negativus * vel etiam fu- 
Hiatur F G aequalis dimidio refl* 1 K ad eandem., 
plagam pur.fli T , fi ducatur DE axi parallela* ve! 
EG axi normalis* ipfae fecabunt rcfl,m B £ in punflo 

quaefito E; Eft enim BP = y d x 1 +-ydy Z * & TK 


g y d y 

d x 


y d x 

d y 




6i. 


Aliter juxta methodum §. 238. Sit A B hyper., 
bola Inter afyihptotos LMN, propter F M = F T , 


faflo FB:FM = V: FO= V' 


F M 2 , 


erit V 2 : B F M = F O V 


FO V = MF B : 
ergo q 


FM 2 , 


V fumatur = VBFM, qui eft conftans rcflangulunu, 
hyperbolae inferiptum , erit F O . V 53 F M 2 * unde 


MO parabola, adeoque FR fubtangens 5=— FM s 
Sed FT : F R = G D : BE, quare BE 3 


-F T. 
2 


G D , detniftaque E K ad afynrptoton perpendiculari » 
2 

erit & F K = D T , quod coincidit fuperiori conftru- 


flioni quae eft HOSPITALII fag. 83. 


PRO- 
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*5j« ; Invenire radium ofculi in EHjpfi •* . - 

Quoniam ad cllipfim cft <r yy =s a b x — b x x , 
erit 2 a y d y zz abdx — ibxdx y & d y f, tP% O 2» 

abdx—ibxdxy pofltaquc x conflante erit 
2 V (a a b x -—a bx x ) 
d d y se — aaabbdx^y 

(qaabx — 4<tixx) V (a ab x — a b x x)i 

ergo = [4<*<r£x— — - ^abby* 

— dxddy > . j 

■»- 4Hxx] V [4« « 4 x — 4/ifexx ■+- a a b b — 

4 a b b x -t- 4HXX] : 2 a a a b b 
si nempe neceifaris inftituantur operationes. Ponatur 
haec quantitas zz vV v . Et quoniam M Y s J 
ia a abb ' - ^ dx 

V (ix 2 </ j 2 ) (§. 125.) erit, neccflariis inftitutis ; ‘ 

operationibus, eadem M Y s V v > adeoque M Y^ 72 

24 

, 0V0 , & 4MY^ k nVt» . Quare MP- vWu 
8777 2444 2<r 3 ** 

S= 4 M Y? . , . ; 1 •( 

bb 

Sumatur itaque ad parametrum, & normalem 
M Y quarta continue proportionalis , & hujus qua- 
drupla erit radius ofculi M P . 

Eodem prorfus modo invenitur radius ofculi 
In hyperbola • 

T CO- 
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! : cOKbit. 


254. Conflat autem quod fi fiat * =5 0 radius -Cijr* 

h 

culi in vertice A elUpfim ofculantis erit . 

2 

s' ’ ' v ' COROLL. 

255. Si a fuerit =:>, quo cafu cllipfis abit in cir- 

r / \ * 1 . V' • *. 

culum , fiet M P = , cx quo fequitur radios omnes 

erolutx efle inter fe xquales, adeoque circuli evolu- 
tam effc cjufdcm centrum . - 

: PROBL. L XXXIV. 


«5^. 


Fig.6^ 


Invenire radium ofculi in Logifiica. 

Efto Logifiica vulgaris A B, cujus fubtangens 
CT fit =: a, qux fubtangens elfc debet quantitas con- 
fians , £C = x, C B zs y . Erit ergo y d x — a , adeo- 

5 ' ■ '*'• •' 

que dyzs ydx y & ddy~ dydxzz ydx 1 , ac pro- 


a a 


Jnde d * = (**+~yy) V (*a*-yy) •. Quonianu 
— mdxddy — 

vero quantiras hxc efi negativa, id argumento eft rc- 
Aam B F fumendam non efle verfus axem . 


. PROBL. LXXX V • 


Fig. 64 . 


257. Invenire radium ofculatorem C P in quovis 
pumfio C Cycloidis ACD, cujus circulus genitor A 1 F. 

J Ponatur jam fa&utn quod queritur, & ex pun- 
< 5 lo C agatur CE parallela bafi DF occurrens circulo 
ineundo I, diametro in E, ducanturquc chordx Alt 

* • ■ * I P , 
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I E, & r*diu$ L i. ■SU.. i abfeifla A E 52 *s ordinata E C 
es jy > circuli diameter =: 24 , & arcus Alse, Eft 
quidem ob circulum Et = V( 2/rx — xx) & ex na r 
tura curV*'jr V ( lax — xx) % ergo, fumtis dif-' 

ferentiis 1 erit dy zz d z ■+— adx—~xdx • Sed du&a 

V( 24 x — xx) 

rr infinite proxima ipfi ET, illrque du£la normali io, 
eft EI: LI = io : * I, V [24 x— -xx] : 4 =3 d x : 

4 </ x s; quare erit dyzz ladx — xdx, 

V( 2 ax—xx) ’’ V(z4x — xx)^ 

& d y l zz (2 a — x)</x 2 , pofitaque */x conflante , 

x 

«rit d d y z: — * </ x* . Sufficiatur valor 

- xV[t«x- xx ] 

rpfius dy 1 , & ddy in formula radii ofculatoris, erit* 

4 Aliter. Sit DCA = 2 At = a, DC= z, DV 
- x, VC = J, erit AC= a — z , AE=~ 4 — 

Eft autem ob curvam DA 2 : AC 2 = AF:AE, er- 
go habebitur aequatio y = 2 az — zz , quare =s 

2 4 . 

adz—zdz, & </j 2 s aadz 1 — iazdz 1 +-zzdz 2 > 

* i “ ^ , T" 

unde </ s 2 — rf J l = ^ = aazVa 2 — xzV» a > • 

4 4 

& dx ~ dz V f 24 z> — **] i bine fafta rfz «onftaiu 
a 

te, rfrfx =:j/z> 2 [* — *] J ac P roindc CP, vel PD 
*V[ 24 *— 

T 2 =5 
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. H* r , . . . 

=5 dyJ% es Vfarfz — **J, atqui PM» «TDHa 
ddx 

dydx — jr, ergo, fubftituendo , PM, vel DH 23 
ddx.. 

. ■■ - COROLL. : - 

i • 

r • . . 

1 • t * - , e • 

258. Quando z eft — <r, nempe quando CPG co- 
incidit ipfi A G , fit D P G =: A G =: <r , & DK r FG 

es— d; quoniam vero inde patet efle DG 2 : D P 2 

= DK:DH, tf«: 2 «s— zz. = — <* ; H 2«z— -zz» fc- 

/ 1 a 

quitur evolutam DPG cycloidis efle cycloidem ipG aequa- 
lem , & fimilem . 


THEOREMA. 

259. Sl parabola circa axem BG parametrum ha- 
beat aequalem radio circuli ofculabitur Ciflbidcm in^ 

punfto O, ubi B C 2 ss NCO, fcilicet re&ang. ab- 
fciflse in parametrum . 

Sit enimvero Ciflois EOB,‘ & fumantur pun- 
Aa H , D ab extremis aeque remota ; Cum (it DE; 

g # DM=BD:DA=BD Z :BDA,& DM, fcu / L : 

t K =5 A t , vel D B :rB=:BDA:fB z , erit ex aequo 

DE:tK = DB 1 : rB 2 ; quare per tria punfla EKB 
tranfibit parabola , cujus axis B G , parameter t L . 

Nam L;K = f B 2 , M D E =: DB 2 ; ac proinde si 
parabola parametrum habeat aequalem radio circuli 
ofculabitur Cilioidem in punflo O; In aliis enim locis 

cum 
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cum ordinate t B , ve! BD quadratum fit equalo 
LrK, vel EDM minori quam rK, vel DE in CN 
parametrum , ordinate parabole excedent ordinatas 
CiiToidis , quare cadet parabola tota extra Cifloidem r 
Parabola vero parametri majoris non conveniet curris. 
Cifloidc nifi in vertice B, parametri vero minoris ve- 
lut t L fccabit Cifloidem in pumftis K » & E ab Q. 
seque remotis, wi quadrata ordinatarum parabole 
aequalia EDM, & K t L . 

PROBL. LXXXVI. 

260. Invenire punflum, in quo Logiflica majorem 
habet curvitatem . 

Quoniam in Logiflica B A , cujus fubtangens 
= a i ordinata BC= y dufta normali BDG conve- 
niente cum axe in pun&o D, & cum TG parallela-, 
ordinate in punfto G, eft B F = DG, erit ipfa BF 
radius ofculi , ut facile demonflrari poteft . Inveftigan- 
dum itaque eft ubi radius ofculi B F fit omnium mini- 
mus . Eft quidem TC:TB = CB: BD = TG : DG, 
nempe a : V (a a -*-yy) = y +- a a : y V[ aa-*-yy] •+- 

y a 

aV[aa -*-yy ] ~ DGs BF, quare, ubi minimus eft, 

y . 

erit ejus differentia nulla, fcilicet erit, neceflariis in- 

ftitutis operationibus, y ^ +-aayy ss , & addito 

2 2 

utrinque a 4 ,^4 aayy-^-a 4 =* 9 a* , ac proin- 

16 2 16 16 

de yy~ aa m Quare ubi quadratum ordinate BC eft 

2 

dimidium quadrati fubtangentis CT , vel ubi fubnor- 
. . . malis 


Fig.63. 
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malis C D =5 C T [ nam C B 2 =; T C D ] ibi habetur mi- 

t — 

2 

nirnus radius ofculi , adcoque maxima curvatura » 

SCHOL. 


2 &t. Obfcrvandum hic eft , quqi hujufmodi radii 
femper minui videantur ad minores cfdinatas TH, & 
ad majores C B crefccre . Quod tamen minime verum 
cft; Sunt enim ut cubi tangentium TB divifi per or- 
dinatas C 8 j quippe TDs a+- y? t & TG = j+' 

. a 

quorum quadrata =: DG 2 =: 

3 a a 33 . .. 

Cujus radix =: V ( y y -t- a a =: D G, & 

~y • 'TCB 

D G 2 =3 T B^ ; unde DG cft in dirc&a ratio- 
TC 2 .CB 2 

ne cubi T B, & reciproca C B . 

PROBL. LXXXVIf. 



2^2. Invenire radium ofcularorem M P in curva.* 
AKMC ejus naturae, ut dufla ejufdcm normali MP, 
& fubtenfa AM, fit ubique ang. MYC : MAC iiu 
data ratione p : q . 


Ducatur fubtenfa A K infinite proxima fubten- 
fx AM, & normalis K x , firque AX fubtenfae AM 
perpendicularis, & A x- normalis fubtenfae AR, cen- 
troque A intervallo A K deferibatur arculus K L ; Frit 
ergo K M : M L = X M : M A , fed K M : M L eft in^ 
ratione rotrpnfira radiorum M P, MA, & angulor. 
JCPM, RAM, five p : <7, quippe MYC, five A Y P : 
M A C s: p : q = C, vel Aj P, hoc tfi AYP +■ 

jPY ; 
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15 » 

jPY : KAjs ergo & reliquus* YP.y ad reliquum^ 
K A M =: f . q , adeoque K M : ML, five M X X A 
= j> M P' : f M A ss /> M X : jMA, quare jiMPs 
q M X , & M P ~ 9 M X . 

P 

PROBL. LXXXVIII. 

2(5}. Invenire punfla ad evolutam curvae ABC 

ejus naturae, ut juntfis ramis ad punftum Q^fit fem- 
per C A : A B s: CQ : Q^B . 

Efto Q^B — ji , A b zz x y & AC z: a f QC “ 
i, erit igitur aequatio j = bx» Porro dufto arcu bS 

a 

inter ramos infinite proximos, & tangente b L occur* 
rente normali QL in L, erit SA:^B=: Q^B : BL» 
*y : dxzzy : ydx, loco dy pofito ejus valere , erit 

> d y 

tangens B L =: a y d x =r ay~ x ; Quare tangens BL 
b d x b 

aequalis cft curvae A B, & punflum L cft ad evolutam. 
PROBL. L XX XIX. 

264 . Determinare radium ofculatorem PC, ubi 
curva AC c ad diametrum refertur» nempe coordina- 
tx ang. obliquum conftituunt . 

“Sit abfcilfa A E s= *, ordinata ECs j, erit 
EQ^z: c R = i/j. Quoniam igitur notus eft ang. 

AQ.f, notus erit & ang. tRH, & nota panter ratio 
laterum in triang. cRH. Sit ergo rario ipfius cR : 
R H eadem ac ratio m : n • Erit ergo m ; n = d y : 
n d y — R H , quare CHs d x n d y zz mdx-t-ndy . 

_ m • m - m 

fit prsterea R c : r H z: w : p » critque m : p zz d y : 

• • » * f d 


Fig. 60. 
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pdv =ic hinc cC 2 — mmdx 2 +-ltnndxdy+-nndy * 
' m T m m 

4-ppdy 1 . Sed «» +- pp* quare fubftituen- 


do , & extrahendo radicem quadratam , erit e C =3 
V [ m d x 1 ■+- z nd y d x ■+- m d ) • 


m 

Jam vero duftis tangentibus CT, et qux erunt 
inter fc infinite proximae, defcriptoque arculo infini- 
te minimo TO triang. OT/, HeC erunt fimiiia , ut 
de fc conftat , quare erit Cf :cH = tT:TO, nem- 
pe V [dx 1 Wy 2 J : d y = — y d x d d y : — - 


c y d x d d 



TO» 


d y 

Eft autem 


z 

ob 


fc&orcs 


dy W[dx l +-dy 2 ] 

fimiles TcO, CPc» TO:cC= TC:CP, quare ent 


— ydxddy ‘. ^[ mdx 1 -t-z>,d yd x+-mdy 1 ] 

dy V[dx l -i-d y 2 J m 

?3 y V ( d x 1 +- d y 1 ) : ( d x 1 +- d y 2 ) 
dy — dxddy 

( m d x 1 ■+-indvdx+-mdy 2 ) =S PC. 


m 


Simili fere ratione determinatur idem radius 
ofculator P C , ubi coordinatse acutura angulunu 
conftituunt • 

P ROBL. XC. 


265. Invenire formulam generalem radii ofculato- 
ris in curvis , quarum ordinatae a foco» five fixo 
pon&o procedunt • Sit 


Digitized by GoogI 


Sif, corva ABCD, cujus ordinata? FB, FC, 
FD &c. a fdcd F, five fixolpun&a procedant. Sumils 
arculis BC, CD infinite parvis ducantur ordinat® F' B» 
FC, FD, & centro F intervallis FB, F C deferiban- 
tur arculi BE, CG, duftifciue chordis BC, CD In- 
definite produflis fint normales FH, FK. Producatur 
praeterea chorda HC, quae conveniat in punfto I cum 
ordinata FD produ&a, & centro C deferibatup* arcu- 
lus DL; Tandem ducantur CP, DP normales ad cur- 
vam ABCD in pun< 3 *s C, & D. Sit F B ss y , CE =3- 
dv> BE — dx, & FH =: ©, fi centro F deferibatur 
arculus HN intervallo FH, erit KN=</®, Eft auterri 
FM : NH = N’ H : NM, & eft FN finita quantitas, 
& NK quantitas infinitefima primi ordinis, ergo N NI 
erit quanriras infinitefima fecundi, adeoque contemnen- 
da relate ad MK , er®o NK fumi poterit pro sequall 
ad ir> r am M tC , ac proinde MK erit = dv. Et quo- 
l) <m fimilia funt triangula CBE, CFH, erit CB : CE 

se C F : CH, V(dx Z -+- d y 1 ) five d t : d y zz y ; 
J d y zz CH = CK. Sinulia quoque funt triang. CKM, 
d t 

CDL, quare CK : KM s CD : LD, y dy ; d <o 

dt 

d t: d v d t 2 . Tandem ob fimiiit. feflorum PCD» 

■ 

CDL, eft LD:DC= DC:CP, d v d t 1 : d t ~ 

ydy 

« * : ,*» dy = : C P . Sed tollere oportet d v . Similia funt 
• d v 

triang. CBE, CFH, ergo BC : BE = CF : FH, 
dtidxzzyzz y d x z 5 tsFHj Quare, fumtii 
d t 

differentiis , pofitaque d x conflante , erit d v =5 

V dx 


Fig 65 . 
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jx / i Jt* — . ydxdy^dy, t Sufficiatur hic valor iil. : 

«: : i.# tV ■ ’ s 

formula fupra inventa, erit CP^ * 

— ydxd dy 

Si nulla fluxio adfumatur conflans, fiet CP ts 

_____ , 


ydyddx-t-dxdt 1 — yd xd dy 

Si fumatur conflans d y , fiet U - 



d x d t +■ y d y d d x * j j 

Denique fi conflans adfumatur dt , erit — 

, dyddy y quo valorc fuffefto loco ipfius ddx y erit 

y d x d t , vel fubflituto valore ipfius 
dx*—yddy 

ddi* fiet CPa jfW* « _ 

// x d 7 y d d x 

Si ponatur aequatio differcntialis curvae V — 
adeoque ddy ss ‘/x'/*'» erit radius ofculi - 

jV** • 

J st d '•—ydx^' d v 

Si ponatur a?quatio d x •X vdy> erit radius 
ofcU li ~ ydt*\ pofita dy conflante. 

d x d t 1 ■#— y d v d y 2 . ^ - ... 

Si fumatuf conflans d t , erit radius — 
ydxdty vel x yd ydf. x ydt. _ 

, 1 r 7T” ; dxdy+-yddx dx+-ydy - 

dx 1 —yddy J J 

. ^ •; CORQLL, 
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COROL1. 




. ; . . v / v i. 

i66. Si y ponatur infinita , quo cafu ordinatae pro 
parallelis haberi pofTunt, & in formulis adinventis 
deleantur termini , in quibus non adeft y , emergent 
formuls, quas invenimus pro curvis ad axem relatis. 
£t quidem termini, in quibus non adeft y evanefeunt 
relate ad alios, io quibus eadem y repetitur* 


SCHOL. 


i6j. Me non monente apparet, formulam fubofcula- 
tricis io hoc cafu effe sr ydxdt 2 . 

d x d t Z +-ydyddx—ydxddj 

COROLL. 

• 1 i«. . • 

l6$. Patet ex diltis, qnod cum unica tantum for- 
mula reperiatur tum radii ofculatoris, tum fubofcula- 
tricis in curvis five ad axem, live ad focum relatis, 
quaelibet curva unica tantum evoluta donabitur* 

SCHOL. 


Infignis Geometra GUI DO GRANDUS 
in Scbol. prop. 4 . de tnjinttis infinitorum , & infinite^ 
parvorum ordinibus Cl. V A R1GNONIUM carpit, 
quod vires centrales examinans , aut radios evoluta- 
rum inquirens, angulum contingentis utpote. infinito 
parvum adfuroat velut aequalem angulo infinite parvo 
ad centrum ofculantis circuli a binis radiis infinito 
proximis conftituto, indeque triangula ifbfcelia confi- 
deret, eandemque laterum ad bafrm proportionem de- 
ducat. Verum enim vero non video quo jure VARI- 
CNONIILS culpari debear , cum in negotio radio- 
rum evolutarum ni) nifi certum adfumar.'Efto enim., 
quaelibet curva ABD, cujus radius evolutae relate ad 
punitum B quatiatur. Sumantur hinc inde a punito £ 
: - ; • V a dat* 


Fig. 66. 
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datx curvs duo arcuK *qua1e*;BA, BD infinitefimi, 
& cx centro C circuli ofculatoris ducantur ad punda 
A, & D radii CA, C D, & producatur particula^. 
AB m G; adfumit VAR1-GNONIUS ang. ACB 
. ad centrum cHcs= GBD, unde colligit tres CB, BD, 
DE ctfe continue proportionales pofita BG = BD; 

J iua quidem in re nihil c(t, ni fallor, dubium, & ab- 
urdum. Si enim quaeratur centrum circuli ofculantis 
curvam in pundo B, idem plape eft , ac fi quaeratur 
centrum circuli per tria punda A, B, D tranfeuntis. 
Jam vero fi hujus centrum ponatur eile in punda C, 
fcquitur ang. ACB, GBD efle inter fc squales, 
quippe ang. GBC squalis eft duobus internis, & 
oppofitis triang. BAC, fc i licet BAC-t-ACB. Sed 
ang. GBC eft = CBD +• DBC, & ang. DBC = 
ABC =: BAC, quare fi ab ang. GBC auferatur 
DBC, idem omnino erit ac fi ab coci m auferatur 
ang. BAC, quare remanebit ang. GBD = ACB, 
vel BCD, adeoque BC:BD = BD: DG. Nequo 
vero id repugnat fententis ejufdem G U I DON IS 
GRANDI in prxfato Scholio . Etenim fi per pun- 
flum B ducatur f E normalis redx BC, hxc bifaria- 
bit in pundo E bafim GD triang. ifofcelis GBD; 
Siquidem ang. FBA, EBD, ob normalem ad cur- 
vam B C , funt inter fc squales ; Sed funt etiam squa- 
les ang. verticales FBA, GBD, ergo squales funt 
ang. G B E , D B E , atque adeo GE = E D ; dudaque 
per pundurn D reda DH parallela ipG 3E, ent ED 
B H . Quare cum reda GD fit, per nuper demon- 

lirata , =s B D 2 , erit EDs BH= B D 2 , fcilicct zBC. 

... BC ' . f iBC 

BD 2 BD, ED» vel BH, ut optime obfervat 
GRANDUS. 

, • Unde confiat VARIGNONIUM in deter- 

» minandis radiis evolutarum nil nifi certum adfumerc. 
Hxc itaque controverfia dirimi non poterit, nifi prius 
ftatuatur , uter ang- G i» D » aa EBD dici debeat 

A v angulum 
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angulus contaftus • Et quidem (i re<fta BG, quippe 
quae eft produ&io latufcuii A B infinite parvi curvte 
A B D fit hujus tangens in pumfto B, negari non po- 
terit ang. G D B contingentia anguium dici pofie . 

PROBL. XCI. 

170. Invenire radium ofculi in Logarithmica fpirali. 

Efto Logarithmica fpiralis CAB, cujus ea eft 
proprietas , ut du&a ad quodvis ejus punfium tan- 
gente AT, & a polo C ordinata C A , ang. C A T 
iit confians. Ducatur CB infinite proxima ipfi B A» 
ratio ipfius iD: DA erit confians, quare pofita CA 
=: y , arculo AD = </*•, habebitur xquatio adx zs 
bdy fafta igitur dx conftante, erit ddyzz o, fumta- 

que formula fubofculatricis ydxdt 2 , 

dxdt 1 -*-jdyddx—‘‘jdxddy 

& neceflariis inftifutis operationibus, erit (ubofcula- 
trix AC — y i Quare dufta C E normalis ad A 'C 
occurret normali A E in punfio quxfito E ad evolu- 
tam . Cum autem fubnormalis CE fit zs a 7 , erit 

b 

A E = yV(aa+-bb) . 
b 

Dufta tangente A T ad punflum A , friang. 
TEA, E A C funt fimiiia , & ang. T AC r CEA , 
fcd ang. TAC eft confians, quare conftans erit & 
ang. CEA, ac proinde evoluta C E erit eadem ipfa 
Logharitbmica fpiralis CAB, fed fitu inverfo pofita . 

• • r 

PROBL. XCII. 

. 271» Invenire radium ofculi .in fpirali hyperbolica • 
, Sit fpiralis hyperbolica CAB, in qua fub- 
, tangens eft confians. Piant omnia, qux fupra erit 
ejus xquatio j idxzz adj % quare d xdyzzddy. Somta 

. * . i 


Fig.67. 
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igitur formula fubcfculatricls, in eaqtie neceffariis m- 
ftitutis operationibus, fiet fubofculatrix =: 

a a 

Quoniam vero fubtangens CT cft=/r, & fubnorraa- 
lis CE = yy , erit TE == a a -t- jy , fcjlicct quarta-. 
a a. 

proportionalis ad fubtangentem TC, TE, & CA 
fubofculatricem determinabit. Quare fi a pumfto E du- 
catur refta E F parallela tangenti A T fecans ordina- 
tam A C producam in pumfto F , erit A F quzfita— . 
fubofculatnx • 

D E F. 

► - . ' 

• 272. Subevoluta prima curvae AEFG genitae ex 
• evolutione curvae £CD dicitur curva B I K , ex cujus 
evolutione generari concipitur curva BCD. Ejufdem 
vero curvae AEFG fubevoluta fecunda vocatur curva 
LMN, ex cujus evolutione generari concipimus cur- 
vam 25 1K, five fubcvoluram primam curvae AEFG, 
& ita porro. 

PROBL. XCIII. 

273. * Determinare formulam pro inveniendis radiis 
in infinitum fubevolutarum cujuslibet curvae AEFG, 
cujus ordinate funt inter fe parallelae. 

Sint arculi EF, CD, quos deferibunt fila-. 
EC, CI per evolutionem infinite parvam curvarum., 
JBCD, B1K* patet rriang. EDF, CKD, quae def- 
cribuntur ab iifdem filis quolibet inflanti effe fimilia— 
inter fe; Sunt enim re<ftang. in E, & C, & ang. EDF 
cft complementum tum ang. EFD, tum CDK; ea- 
demque ratione demonflratur triang. INK &c. quae a 
filis 1 M &c. fe exfolventibus deferibuntur effe invicem 
fimilia . Erit ergo E F : E Czz C D : C I = I K : 1 M &c. 
Sed lineola C D cft differentia radiorum EC, IK dif- 
ferentia radiorum CI, MN differentia radiorum 1M, 
& praeterea hujofmodi lineolae CD, IK, MN funt la- 
ti tera 
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tera Infinite parva curvarum BC , BT, NM, fi curv* 
ipfx confiderentur ut polygona e* lateribus numero in- 
finitis, & infinite parvis conftituta, quare cum EC fit 
g: [dx 2 •*- d y Z ] V [ d x 2 +- d y 2 ] , erit CD = : 
f — d x d d y 

[ — ^d y d dy 2 V [ d x 2 +- y 2 J ■*-</ </ </y [</x 2 -+-//y 2 ) 
V ( </x 2 +- y 2 ]] : dxddy 2 , ac proinde Cis 
{^dyddy 2 (dx Z +-dy 2 )V(dx Z Wy l ) +- y 

[./x 2 Wy 2 ]V[rfx 2 Wy 1 ]]:</* 2 ^y* , & fic 
deinceps . His pofitis fit . 

PROBL. XCIV. 

274* Invenire radios in infinitum fubcvolutarunu» 
parabolae . 

Efto parabola AEF, cujus abfeifla AO 3 
x, ordinata O E = y & aequatio yy= <*x, erit, ne- 
neceflariis inftitutis operationibus , nimirum fumtis dif- 
ferentiis, pofitaque dx conflante, & fuffeAis in fupe- 
riori problemate valoribus ipfarum d y, dd y, dddy &c. 
erit» inquam, CI = 3 Vx(4x-f-«) V(^x-t-a) &c. 

a 

Si curva AEF fuerit Cyclois , cujus ab- 
feifla s x, OE = y, AB zs ia ac proinde ejus xqua- 
tio dy~dxV[z a — x], habebitur C I =5 — aVaax &c. 

V x 

PROBL. XCV. 

275. Invenire formulam, cujus ope determinari 
poilint radii fubevolutarum in infinitum in curvis, 
quarum ordinata ex polo procedunt . 

. .. * Quoniam 



i6o 

Quoniam E F c(l = V (dx 2 4 -</y 2 ), ECs 

y (dx Z 4-</y 2 )V(<fx 2 4 -iy 2 ), erit CD := [y<?y</<f y 
- - ■ — *■ ■ ' ■ — - ■■■■■■■■ * — — 

d x^ -*-dxd y 2 — ydxddy 
[ d x 1 +-dy Z ] — lyydyddy 2 -¥~dy[dx 2 -*-dy 2 ] 2 
4 - y 2 d d dy {d x 1 -t-dy 1 )) ; ( d x^ 4 - dxdy 2 — — 
ydxddy ) 2 , ac proinde CI = (— iYyy^ydd y 2 ’ 
( dx Z -t-dy Z ) 4- (yydyddy-t-yyydddy) (dx Z +-dy Z ) 2 
4 -y</ y[<fx 2 ' -t-dy 1 J^j : [</x^ •+- d xdy z •-ydxddy)^ , 
atque ita porro . 


PROBI. XCVI. 

2*7/5. Invenire radios fubcvolutarum in infinitum., 
fpiralis logarithmicae . 

Efto A E logarithmica fpiralis, in qua refla-. 
A E procedens a polo fit =: y , ejufque aequatio a d x 
— bdy \ Et quoniam relatio dy :dx efl conflans, fci- 
licet quae a : b y deleantur in formulis termini omnes, 
in quibus adefl dd y, dddy % dddd y, eritque EC S 
y_V (bb-i-a a), CI s a y V ( bb-+-aa) t IM =: a a y 

b b b b b 

V (b b -t- a a), ... 

# Memoir dt_, QP' plura cu P 5t atleat CI. MAUPERTUI- 

V Acad. Roy. SIIJM * ex quo doflrinam hanc de fubevolutia 
<in. 1728. haufimus . 


CAP. 
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CAP. VI. 

De ufu Calculi differentiarum fecundarum 
in Caufticis Cacopcricis determinandis. 

D E F. 


277. CI radii paralleli R A, R* &c. a fole prod- 

»3 euntes incidant in perimetrum cavam , vel — . 
convexam cujuslibet curvae BAE, atque inde ita refle- ttF t OO. 
dantur* ut non in eundem focum, fed in aliquam cur- & ' * 

vam LGHE conveniant, quae omnes infinite proximo- 
rum focos compleftatur , & quam iidem reftexi radii 
perperuo tangunt, quandoquidem duae tangentes nihil 
diftantes in ipfo contingenti* pundo fe fe interfecant, 
curva h*c caujtica ex reflexione nuncupatur. Idem di- 
cas» ii radii ex dato pundo promanent. 

COROLL. 


»78. Unde confiat quod ut natura curvte cauftic* 
determinetur , invenienda fit natura curvx , quam tan- 
gunt radii omnes, qui in data quapiam curva refle- 
duntur • 

PROBL. XCVII. 

279. Determinare formulam pro invenienda longi- 
tudine radii reflexi A L inter pundum incidenti* A » 
& pundum concurfus L intercepti, ubi radii inciden- 
tes funt inter fe paralleli • 

Sit abfciifa ENsx, ordinata NAsrj», AM 
s= e/, erit N» = AC, a C = dy. Bifecetur ang. 
NAM per redam AP, qux normalis erit ad curvam 
Aa t ut de fe patet, proindeque erit NP s ydy . 

d x 

Cuna autem fit NA ; AMs NP : PM, erit compo- 


X * nendo 
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rendo NA:NA-t-AM=d NP : NM, y : y +- v zi 
y d y :ydy-*-vdy zz NM» At eft AN 2 +-NM 1 
d x d x 

= AM Z > crgojjf +- yydy 1 +- i vy dy 1 -i-vvdy 1 

d x 2 

zz vv i hoc e ft yydy 1 -t-ivydy 2 +-yydx 2 — vv> & 

dx Z — d y 1 

y d y 1 -t-ydx 2 zzvzz AM. Sufficiatur hic valor loco 
dx 2 — d y 1 

<v in valore ipfius NM, erit N M zz ly dy d x ; E ft 

d x 2 — dy 2 

autem ENs*, quare EM=; lydydx +-xdx 2 — xdy 1 > 

dx 2 - dy 1 . 

ejufque proinde differentia , pofifa dx conflante, erit — 
dx * — dxdy ^ -+-iydx ^ d dy+-iy d x dy 2 ddy zz 

(dx 2 -dy 2 ) 2 

M m . Quoniam vero A N : N M , fire «#: aw = «C: 
CD> hoc eft y : lydydx zz dy : 2 dxdy 2 zz 

dx 2 — dy 2 dx 2 — dy 2 

C D » erit AD zz d xdy 2 •+- d x^ • Atqui AD: M* 

d x 2 —dy 2 

,zz AL: LM, & dividendo AD — Mm: ADs AM: 
A L, quare neceflariis inftirutis operationibus invenietur 
ALz: dx 2 ■+- d y 2 Hinc fi in qualibet propofita.» 
‘c —iddy curva 
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curva E A fubftituatur valor ipfius dy, & Jdy, pro 
ut poftular natura ejufdcm curvae, habebitur longitudo 
radii in quantitatibus communibus, & linitis. 

COROLL. 

280. Quoniam vero cognito radio A L curva Cau- 
ftica conftrui poteft , proinde eadem cft determinata • 

PROBL. XCVIII. 


281. In circulo BDA determinare curvam caufti- — , 

eam B F G radiorum parallelorum, fcilicet reflexi radii m-io. 

£ i* longitudinem invenire. 


Sit diameter AB — 2*,BI=:*,lE=:jr=: 
V(2 a x — x x) t erit dj — adx—x dx ; d y 2, zs 

V (2 ax — xx) 

a a d x — 2 ttx d x -i-xxd x , & d d y zi — — — 
1 a x — x x 

i 2 2 

a a d x quare dx -*-dy =3 E F 

( iax— xx) V ( iax— xx) — lddy 

— V (2 a x — = - IE. 

2 2 


COROLL. I. 

282. Hinc patet , quod ut conftruatur cauftica itL. 
circulo , nempe ut habeantur omnia ejufdcm curvae 
punifla , adfun endus eft radius reflexus aequalis dimidio 
radii incidentis , Quod fi radius incidens tranfeat per 
centrum circuli , punflum F incidet in punflum G , 
nempe in focum circuli qui focus ejufdcm radium bifa- 
riam fecat . 

X 2 COROLL. 


Digitized by Google 



t$4 

■Conon* n. 

j8j{« Hinc facile cd hujufmodi curvam reflificare . 
Cum enim Caudica LHE fit fero per aequalis radio re. 
flexo plus incidente , ut mox de qualibet curva gene, 
taliter offendemus > & curva F B fit ad radium refle- 
xum FE ut 3 : i » ad incidentem vero 1 E ut j : 2« 
integra curva C F B erit ad radium circuli ut $ : a . 


SCHOL. 


% 6?- 


284. Nunc autem demondrandum ed curvam cauft?- 
cam aequalem effe radio reflexo plus radio incidente . 
Edo itaque quaevis curva BAE» in qua ex reflexione 
radiorum RA, R a profluxerit caudica EHLK. Cer- 
tum cd ex alibi demondratis reflam AL elfe tangen- 
tem caudicae ; fi ergo evolvatur curva EHL* atque ex 
ejus evolutione deferibatur curva EOG, refla a L ern- 
gruet ipfi GL, ubi evolutio pervenerit ad punftum L. 
Quare centro L * intervallo L A deferibatur arculus 
A Q^> qui quidem parallelius erit arculo O G * adeo- 
que AO s «G, & a erit differentia ipfius <*G. 
Sunt autem triang. aC A» a Q A inter fe aequalia» 
nam ang. ad C» & funt refli* & ang. na A =3 
maB — Qj» A, & hypothenufa a A utrinque triang. 
communis cd , quare aC= a at cd aC differen- 
tia ipfius an , & aQ_ differentia ipfius aC * proindo 
a n =: a G, atque adeo cum ipfa curva EHL fit =: 
LG * erit curva EHL aequalis radio teflexo plus 
incidente . 

PROBL. XCIX- 


285. Curvae caudicae GFB naturam determinare. 


Fig. 70 . 


Sit femicirculus BDA, cujus diameter fe A , 
radius incidens JE, reflexus EF. Deferibatur centro 
C, intervallo CG circulus HOG» duftaque refla EC 
condruatur circulus E FO fccans radium E F in punflo 
R» erit caudica BFG cyclois , cujus immobilis circu- 
lus 
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fn* *fl IfOC» ejnfque genitor E F O r vertex B, prin- 
cipium vero G • Cum enim ang. incidenti* I E B fit 
xqualis ang* reflexioni* RED» erit fegmentum LBE 
fimile fegmento circulari RE» proindeque EL : ERa 
AB:EO=4:i;&IE:ER=2:r, = IE : E F, 
adeoque ER = E F , quare circulus ERO tranfit per 
punAum contafius F. Ed autem ob fegmenta (itnilia 
arcus LBE =: 4 arcubus EF, idemque ~ 4 arcubus 
OH, unde arcus E F = arcui OH. Denique quoniam 
ferniperipheria H G K cft = 2 feroiperipheriis EFO» 
erit quadrans HOGs EFO, proindeque reiiquus ar- 
cus OF = arcui reliquo OG, & curva caudica GFB 
cit cyclois • 

COROLL. 

286. Quoniam vero cycToides omnes evolutione fua 
(ibi fimiles cycloides deferibunt, curva genita cx evo- 
lutione caufticx BFG, erit cyclois. 

PROBL. C. 

287. In parabola AB& longitudinem radii reflexi 
B P invenire ► 

. . . t 

Ponimus hic radios axi normales. Cum eninu 
radii paralleli ad axem poft reflexionem in foco ejuf- 
dem parabo!* concurrant, patet totam cjufdem curvx 
parabolicx caudicam in unicum pun#um abire. Edo 
igitur parabola AB b y cujus vertex A, axis AD, pa- 
rameier ~ a abfeifla AC = x ordinata CB c jes 
Vax t radii incidentes CB, cb y reflexi vero BD, bD. 

Erit ergo dy ss adx y dy 1 ~ adx 2 , & ddy s — • 
2 Vax 4X 

adx 2 , quare Jx 2 -4-dy 2 (a-*- qx) Vars BD, 

-■ 4* V <rx —2 diy ia 

nempe ut dupla parameter ad fummam parametri , & 
quadruplae abfeiflae, ita ordinata CB ad qu*fitam_, 

BDj 


i66 

BD; Eft aofem curva cauftica aequalis radio reflexo plus 
radio incidente } Quare curva A D =3 ^xV ax-*-$aV a x. 

T* * 


PROBL. CI. 


288. Tnvenire longitudinem radii reflexi in curva_« 
Cycloidali . 

Quoniam in Cycloide cft dyzz 2 ad *• — xi x (257*) 

V(2*x —xx) 

erit dy 2 zz (ia — x)dx 2 , & ddy zz •— a d x 1 , 

' X X V (itlx — •xx') 

quare fubftituendo erit dx Z +-dy 2 =V[2 ax—xx]; 

— xd dy 

proindeque radius reflexus aequalis' eft ordinatae refpon- 
denti in circulo genitore, adeoque duplus radii reflexi 
in eodem circulo . 



PROBL. CII. 

289. Invenire formulam, cujus ope determinari 
polfit longitudo radii reflexi, ubi incidentes radii funt 
inter fe paralleli . 

Efto quaevis curva data ABC, datumque poli- 
tione punflum D , ex quo procedant radii incidentes 
DB, D b in curvam, & quorum reflexi tfint BE, £E. 
Ex punflo D erigantur reflae DF, D/ normales reflis 
BD, 6D, duflaque ex punflo B refla BLG iifdem_. 
parallela ponatur DB, vel Db =: y, b L = dy , BL 
zz dx, & BF si». Bifccctur jam ang. DBF refla_. 
BM, qua: normalis erit curvae B b; Quare erit dx.dy 
= D B :j B M, proindeque D M zz y d y y qua- 

d x 

re procedendo ut in . problemate 97. reperietur v zz 
y d y 2 •+ - y d x 2 , DF = xydxdy ; Hinc, po- 

dx 2 -di Z . dy} -dy 2 

sita 


/ 
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sita d x conflante , invenietur ejufdem differentia.. 
xy d x^ ddy—idx dy^ 4- xydxdy 2 ddyi-zdx^ dy Z 

(dx Z - dy 1 ) 2 

=3 D/ - DF, nempe /K . Sed fimilia funt triang^ 
DBL, DFK, unde DB : DF = BL : FK, quare F K* 
= 2 d x 1 d y. Item fimilia funt triang. DBF, FKH, 

dx z ~dy z 

proinde DB: DFs FK : KH, y: zydxdy zs 

d x 2 —dy 2 

% d x z d y : 4 dx^ dy 1 =3 K H , adeoquo 

dx Z —dy Z (dx 2 —d y z ) 2 
f K — H K, five /H =: 

iydx^ d d y +- 2 y dxdy 2 ddy—zdxdy^ — zdx^dy 2 , 
[dx 2 -dy 2 ) 2 

Quoniam vero BD : DF, five bD: D/= b L : LG, 
y : zydxdy zz d y : idxdy 1 zZ LG, erit BL 

d X 2 — dy Z d x 2 — d y 2 

W--LG nempe BG = dx 3 -t-dxd y 2 • Sed triangul. 

.2 ,2 
dx — • d y 

BEG, HE/ funt fimilia, quare BE : EH, vel FE 
= B G : /H , & dividendo BF : B E = BG-/H: 
BG, five reduftione fa&a ad eundem denominatorem 

</v5 +.d*dv^ —2 ydx^ ddy— 2yixdy Z ddy+-zdx^ dy 2 • 

( dx 2 +-dy 2 ) 2 
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d y\ hoc cft dividendo <fx 2 y 2 — iyddy: 

dx 1 ~dy* _ dx Z -dy* 

i =: BF, vel e/, fcilicet ydy 2 +-y</x 2 : B E* que 

dx l -dy 1 

proinde erit =s y d y 1 dh-y d x z , 

</x 2 - 4 -d y 2 — ly d d y 
SI itaque fiat fubftitutio valoris ipfius i y , & 
d//y» vel etiam ipfius </x ex data curvse aequatione, 
longitudo radii reflexi determiaari facite poterit • 


PROBL. CIII. 

290. Eflo circulus A B D » & ex punfto D in ejus 
peripheria aflumto procedant radii DB, Di» & in 
73. eandem peripherlam incidant ; ipforum autem radio- 
* ^ rum reflexi fint BE, b E, quaeritur longitudo radii 
reflexi BE, , 

Ex punfto D ducatur circuli diameter DA» 
& ex punffis B , b demittantur ad ipfam normales 
jBF, bf. Sit femidiameter DC= a t DF=s t/, FBss 
zr \[iav~ vv], erit fF = bO = dv , b B ~ a d v , 

V{i*v— vv) 

DB ~ y zzViav t cujus differentia iH =: adv = 

V 2 av 

d y, BHs adv rzdx, ddy = lavddv — adv Z ; 


V(4 aa — ia<v) 

Eft autem d x conflans 


ergo 


ivV lav 
d d x s 


4« a 


I 
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a 3 3 v — lavddv^—adv 2 s o j Invenitur itaque 
(44 — 2©] V(4«a — 2«©) 

y = aad v 2 « Si itaque fiant necefiarise 
(o©~ iav)Viav 

fubftitutioncs in formula ydy 2 4 - y d x 2 , invc- 

Jx 2 +-dy 2 — zyddy 

1 1 

nictu r BE s - V 2 «z/r- BD» 

3 3 

PROBI, CIV. 

29T. Pfio parabola ABfc, cujus vertex A , ex quo 
promancnt radii AB, Ab, ejus axis fit AC, radii 
vero reflexi BD, b D, quaeritur longitudo BD. 

— » Sit parabolae paTamcterns a , AC~ », CB B 
* =V«», AB = y = V(©v4-4i»), BOsrf©, 
b O zz a d v, B b 2 — ( a +-4©) dv 2 ■y b o 2 zz 
l V av 4 © 

|4Pt>-f-4at>4-g4]</t< 2 , quare B o 2 — a d v 2 
4©©+-4 a© 404-4« 

S d x 2 zz quantitati conflanti j hinc cjufdcm diffe- 
icntia 8 a © d © d d ©4-8 a a dv dd © — 4« d ©3 — v , 
I 4 © 4 - 4 « ] 2 

^uarc ddvzz d v 1 ; Eft autem ifyr: lvdv-+-adv t 
iv+-za V(4©©4~4«©) 

ergo ddyzz— aadv^^-l iv d d v+- a d d v\\ 2 ©© 4 - 2 «©], 

[ 2 © © 4 — 2 « ©] V [ 4 © © 4 - 4 « 7/ ] 

Y fuffefloque 
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fuffcAoque valore ipfsus ddv t erit ddy ts 
( a * +- iv v a v) d v 1 , unde tandem 
{io u-t-iuvj \/{qvv+-qav) 

ydx 1 +-ydy l =: (a +- 4®) V( v v -t-a v ) =3 

dx X +- dy z —zydJy 3 « 

B D i & cauftica AD =; [4a4-4®] V [vt<+-«o]i 

3 


CAP. VII. 


Dc ufu Calculi differentiarum fecundarum 
in Caufticis Dioptricis determinandis. 

DEF. I. 


Fig. 74 


J92. VT Omine refratfionir intelligitur mutatio dire- 
iN Aionis, quam radius lucis obi. que incidens 
in fuperficiem aliquam patitur, ubi fuperficiem ipfam 
permeavit. Ita ex: gr. fi radius lucis AD oblique in- 
cidat in fuperficiem BC, & pofiquam eam permea- 
• vit, direAioncm novam DG a reAa DH normali ipfi 
BC recedentem, vel direAioncm DE ad eandem nor- 
malem accedentem adfumat, radius DG, vel DE, di- 
citur radius refraAus, eaque vel declinatio, vei muta- 
tio dirtAionis dicitur rcfraAio . 


SCHOL. I. 

293. Confiat experientia , quod fi radius lucis tx 
, medio rariori in denfius ingrediatur, ejufdcm dii t Aio 
DE accedit ad normalem DH, fi vero ex denfiori in 
rarius ingrediatur , ejus dircAio D G ab eadem nor- 
mali DH recedit, quando vero radius KD normalis 
cft fupcrficiei BC, ejufdcm dircAio non n. utatur . 

SCHOL. 
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SCHOL. IT. 

294. Patet ex dioptrica certam, ac determinatarru 
cilc rationem inter finum ang. incidentis, & finurn_. 
ang. refrabionis ex quovis dato medio in aliud qus- 
cumque fit radii inclinatio. Ita fi femel confiet finuriL» 
incidentis ex aere in Chryflallun eife fcfquilaterum-. 
fmus refrabionis in certa quadam inclinatione data , 
femper in qualibet alia inclinatione radii flnus inciden- 
tiae, & refractionis eandem rationem 3 : 1 obtinebunt. 
Si conftet finum incidentis ex aere in aquam elfc fef- 
quitertium fmus refrabionis , fmus incidentis , & rc- 
frabionis eandem femper habebunt rationem 4:3. 
Ec fic in aliis mediis. 

DHF. II. 

295. Si radii refrabi non in idem punbutn fcd i»L, 
curvam aliquam conveniant, qus omnes fimul infinite 
proximorum focos complebatur , punba fcilicet, io., 
qus colliniant radii refrabi , ubi fcilicer ii falcem , 
qui infinite proximi funt , aut revera conveniunt, aut 
produbi convenirent, curvam autem ipfam iidem radii 
perpetuo tangent, bujufmodi curva dicetur Caujiica 
ex refrafiionc . 

PROBL. CV. 


295. Data qualibet curva ABC, pofitifquc radiis 
incidentibus HB, eb parallelis, quorum refrabi fmt 
Bh , bb, ratio vero refrabionis m : «, & punbunu 
in quo refrabi concurrunt fit F , invenire formulam , 
cujus ope determinari pofl.r longitudo BF. 

Ducantur ordinats BD, bd ad axem radio EB 
parallelum, dubaque b G normali ad curvam, GH 
perpendiculari ad radium refrabum B F, & B K axi 
AG parallela, qus fecet bd in punbo 1 , ponatur 
AD s x, Dh s jr, L)L — z t erit Dd — dx, b Is 

Y 2 d y 


% 75- 
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rfy, BL=z V[yy+-ss]- Ft quoniam ang. b BG~ ang, 
I BDy funt enim ambo> redi , ablato comuni I B G t . 
erit reliquus bB I =; reliquo G BD, & ang. ad F, & 
D funt redi», quare- triang. b\B y GE>fi funt finnlia 
eritque propterea Bl \b =: BD : DG». dx : rf'y =; y 
y£y = DG* Eft autem,, ob parallelas- B K, AG, ang. 

dx 

BGD=s ang. incidentia KBG, & HBC c(l ang.- re- 
fradiohis ». quare sin. ang.. BGD ad sin. ang.. HBG, 
fcilicet fumta BG pro fjnu toto, BD-: GH. =: m . ; «► 
Sed ob fmvilit. triangul. LGH». LBD eft BD : GHs 
BL : LG», m. : n z s V[yy.— zz J, : m V [yy+-zzj z: 

m i 

LG > quare DL— DG s t— y / y =: » V[yy+-z>z,] ,, 

x w 

& quadrando , & aequationem ordinando- fit * z = 
Z.m m z y d y dx — m m y y dy 1 4- nn y. yd'x 2 qua.» 

f mm — . »m j 

refoluta, inftitutaque divifione per dx , habetur z 'ss 
yxmy dy-t-W (mmnnyy dy 2 +-mmnnyy dx 2 — n^yydx 2 ) 
mm d x — nn d x 

ss D t, vel </L. Atclt b d : d l zzb I : IKT, quare FK=: 
m m d y 1 4- d y V (mm n n d y 2 -*-mm nndx 2 -— tftdx 2 ) r 
mm d x — nn d x 

St BS a d x 4- mm <fy* 4— 
d'yV(mmnndy 2 +~mmnndx 2 — & AL« x +• 

mm d x — nn d x. 

mmydy-*-V[mm nnyyiy 2 4-mmnnyydx 2 — n^yydx 2 ] & L i 

mmd x — nnd x: 

diffcrcotiai nempe: ipflus A L zi dx+-mmdy 2 +- mmyddy 4- 

mmdx — nndx: 
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mmnnydyddy+-vimnndy1 -¥-mmKtpdx t dj<~tAdx 1 dy Z * 

(mmdx—nndx)V (mmnndy 1 -v-mmnndx 2 —n* dx Z ) 

Eft- autem BD l 4- D L z s Bt 1 , quare BL a 
VCJJ-H y y d y Z +- mmnnyydy 1 -*-mmnnyyd x* 
m— y y d x Z -t-ZmmycTy V [ mmnnyydy -t-mmnnyydx 2 

mm y y d x Z ) ) : ( nA dx Z — z mmnndx 2 
</x 2 )) .. Unde B K— L l — (— w rnydtfy -—mmtinjdy d dy : 
V (mmttndy 2 +-mmnnd x Z — — w^</x 2 ) ) : (mmdx—tindx)*- 
Sed obfimiI. triang. BKF, L/F,cft BK : L/= BF : 
LF, & dividenda BK — L / : BK =: BL : BF, quare 
innotefeer BF, fi mmdx — ttndx 4-nmdy 4 - dy 
V {mmnndy 2 +■ mmnndx 2, — ► </x 2 ) ducatur iit»- 

V (“jjr 4- ( y y d y 4- m mnnyydy 4- mmnndx 

4 2 y 2T 

jf j d x+-zmmydyV {mmnnyydy +-mmnnyydx 
«— yydx Z ))l (nAdx 2 — zmmnnd x 2 4- m^</x 2 ) ) # 
& produffum dividatur per — mmyddy— mmnydyddy : 
V [ wr w dy Z +-mmdx Z •— nndx 2 ^ ] 6 itaque fufficiarur 
valor ipfius </x, vel & <//y in qualibet curva.»- 
data, determinabirur longitudo- radiF refraflii BF, & 
curva- caudica: proinde conftructur.- 


probe, cvr.. 

297. rnvenire longitudinem radii rcfratfi in curvfc- 
tate vitri parabolica .. Patet ex alibi expolitio ponen» 
dum hic efle m =r » =r 2 , quo pofito erit BF =r 
15 dx 2 4- 9 dy z 4 - dyViifidy* -*-iodx Jr]W[riT *y 

4 *' 45 * 
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4-4 5 </ 4 - itdyV($ 6 dy l +- a o x 2 ) ) : 

- [— 4ydxddy— godxdydd y : V [ 9 </y 2 4 ~ 5 </x 2 J] 
divifo tum numeratore, tum denominatorc per y, His 
pxsemiflis fit parabola ABC parametri = i a erit ergo 
* = yy, adeoque dx — ydy ; Eft autem d x con- 
ia a 

flans, quare ddx t five yddy +• dy l ~o, ac proinde 

a 

d dj z: — d y 1 . Quare fi loco dx , & ddy fufficiantur 

y 

eorum valores, fiet $dx z: ]yydy ; dyV[$ 6 dy 4-20 dx ] 

a a 

S= dy 2 V( 3 < 5 a/i+- 2 oyy) j V ( t fjdy 1 4-45 d x 2 -*-iS dy 
V( 3 < 5 <fy 2 -<-2 0 //x z ))=;//vV(ii 7 rf« 4-4 5yy-+-i8<jV 

a 

> [ 3 6 a a +■ 2 o y y ] ] ; — - 45 dx ddy = 4 5 </y~> ; — 

a 

podxdyddy s 90 dy^ ; Si itaque divi- 

^ 7^7 V(s,i " •*- syyJ ■ 

dlatur tum numerator, tum denominator per d y? , & 
ordinetur fraflio, habebitur BF=r[V[9aa-»-5yy]3 
4-1 8 «3 4-10« yy]*V(ii 7 «<r+- 45yy+- i 8 aV 
[jd<itf4-2oyyJ] : (goal +-45 a a V(paa +• $yy)) • 

PROBL. CVII. 

29A. Invenire longitudinem radii rcfra«fli in curvi- 
tate vitri circulari. 

Sit 
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Sit ABC circulus diametri i a , erit ergo y 
~ V[l4* — dy — ad x — xdx* & ddy s — • 

V(24X XXj 

a a d x X - =s — a a d x 2 ; Si ergo 


(zrfx — xxi V (i 4 x- xx) yyy 

loco </y, & </</y eorum valores fufficiaotur , habebi- 
tur gd y 2 zz (prfarfx 1 - i»«x//x 2 4 - g x x d x 2 ] : 
(2«x— xx)= (^aa— y dx 2 : y y ; dy V(i6dy +-zodx ) 

3 / 4</x- xjxxV/ 

'V( 24 x~xxJ ' i«x - ** 

3 (ad x — xdx\ V / 3 < 5 da</x 2 — 1 <5 y y </ x* \ 3 
V y j V j j J 


) 


(adx 2 •— x 4/ x 2 ) V (gdaa — 1 6 y y ) : y y . Habebitur 
etiam V ( 1 1 ydy 2 ^- 4 ^Jx 2 -*-i8dy Vl^6dy 2 -*-2odx 2 )) 
ss V( n 7 aadx 2 — J2yydx 2 4-(x8adx 2 — 1 8xdx 2 )V 
(l6aa— i6yy)):y — qydxddy^qjaadxl-.yl**. 
godxdyddy :V [gdy 2 -*-<ydx 2 ]= 1 90 aaadx*- goaaxdx 3 J £ 
yyy V(944 — 4yy). Suffttfis itaque ubique valori- 
bus, divifoque numeratore, & denominatore per </x^* 
rcduflaque fraflione emerget B F =3 
( Vioaa— 4vy)^ +• 1 8444— 8ayy— i8aax +- 8vyxK 
4 yaaVlgaa — 4yy J -I- 90444 — goaax 
V(ii744--72yy+-li84~i8x]Vl3(54 4—idyyiJ* 


SCHOL. 


299. Reliquum nunc e(Tet, ut longitudinem radii 
icfra&i ad calculum revocaremus, ubi radii inciden- 

/ tes 


Digitized by Google 



Fig. 7 6 


tes a determinato guopiam pun&o profici Icuntor . Sed 
quando •hujufmodi ifupputatio implexiflima evaderet-», 
ac moleftillima , eandem in medio relinquemus, co 
magis quod ex <li&i« eadem fupputatio erui poflir « 
Srd de his confulc Virum Cl. JOHANNEM BER- 
MOULLIUM, .ex quo Exc dcproiuta funt • 

CAP. VIII. 

\ 

X) c folutionc problematum variae naturae 
per calculum differeritialem confe&a. 

PROBL. CVIH. 

406. T^Ara curva AFHB, cujus ordinata TdO, BE 
, JL/ fint majores abfeiflis AO, AE, inveniro 
curvam AMD, cujus portiones AR, AD fint «quales 
jeftis HO, B E. 

Fiat ut TO: V(H 0 2 - TO 2 ] ita conflans C: 
oa» & conccflis quadraturis, de quibus agemus in 
-calculo integra li , fpatio AOQ. ponatur xquale te- 
fiang. ex C. RO, erit punftum R ad curvam qux- 
fitam . Du$a fiquidem FMNV infinite proxima ipfi 
HOQ, & FK axi parallela, ponatur C z: a , A O 

£5 x, OH £3 y, erit dx : V (dy z - dx 1 ) zz a : 

aV (d y 2 — dx 2 ) z: OQj & inftituta multiplicatio* 

dx , , 

re per d x » erit QON — aV {dy d x ) z: * • 

RL, quare Rt = V [rfy’ - i/x 1 J, & RL 1 +• 

d x 7 z: d y 2 , nempe M R z: H K , atque ita fem- 
per , quare A R = HO. . * • 

PROBL. 
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>77 


301. Invenire curvam ACD , cujus cpe quadrari 
. poflit curva data BLM, ita ut fingulx partes A B L F, 
ABMG aequentur rcdlang. quantitatis conflantis AB 
in curvae portiones AC, AD. 

Eflo A G - x, CM “ j, GDi ABrrrf, 
erit ergo FGM L, feu <r, CD= aV(dx 1 +-dv 1 ) , 

& ydx = V (dx 2, -t -dv 1 ), five yydx 1 ~ d x Z -t~ 
u a a 

I. dv 2 j quare jjdx 1 =r aadx 1 -t -aadv 1 > & yydx 1 
— a u d x 1 ~ a a d v 1 , & tandem dx[Vyy— 3 a]- dv . 


Fiat igitur curva AHK, cujus ordinatae GK = 

1 V (jy—ma a) ( fcu AB 2 -t- G K 2 = G M 2 , & fpatiuin 
GAK adplicatum ad A B det latitudinem GD, pro- 
-■ dibit hinc curva quxfita ; erit fiquidem a v ~ GAK, 
& adv — KGI H = dxW[ yy — /ta] t quare dv 
dxV[yy — a*], prorfus ut fupra . 

a 

PROBL. CX. 

302. Datam curvam ABC in aliam aequalem diver- 
fx fpecici infinitis modis commutare . 

Sit abfeifla AD propofitx curvx =: x, ordina- 
ta D B = y, conflans AH = 1, cjufque xquatio diffe- 
rentiatis mdxrz dy % & deferipto reiBang. HAEK 
dudlaque tangente B T , fiat ut T D : D B = A H : I L 
= nt , unde oriatur curva HLM, cujus fpatium MHK 
quadrari poterit , nam quxvis portio L H I , feu S . 
nid x = y t quandoquidem mdx=i dy, ut conflabit in 
calculo intcgraJi, quadrari ergo poterit & fpatiunu 
M HAE, ejufdemque quxvis portio LHA D = x-t-y, 
;! Bifaricntur ordinatx L D in pun&o N, & fpatium,, 

Z O ADN 
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0 A D N pariter quadrari poterit . Fiat aliud fpatium 
QRS, cujus ordinat» DR duplum poffmt ipfarurru. 
DN, & A V duplum pariter poffit ipfius AH, com- 
plctoquc redang. AVZE patet reliquas BX duplum 

poffe reliquarum IN; Quoniam ergo DI 2 +- I L 2 
~ 2 quadratis DI* IN, squabuntur illa quadratis 
DR, RX, & omnia hujufmodi fpatia quadrari pote- 
runt; Spatium autem AQ^RD redae AH adplicatum 
det latitudinem E F , fpatium vero QV X R fimiliter 
adplicatum det latitudinem FG, quae normaliter ordi- 
netur ad E F , eritque curva EG = curvae AB. Edo 
enim EF e; FG =: 2, D R = r * RX = t; Et 

quoniam dx : dy=z 1 : m , & d x 2 -^-dy 2 : d x z =; 

1 4 - nim : 1 * dx 2 : dv 2 es 1 : //, dv 2 : d z 2 =2 t t : 

rr, dz 2 : dz 2 +- d v 2 =: ;t : tt -t-rr, quare ex aequo 
dx 2 -t—dy 2 I d z 2 ■+— d v 2 — I ■+- m tu •' 1 1 h— / / . Sed 
l 1 1 -f— / /, ergo d x 2 h - dy zzdz 2 +-dv 2 • 

Aliter. Sit curva ABC, & ex pundo extre- 
» mo C ejufdem bafis agatur reda CE parallela axi 
AD, & ad quodlibet ejufdem curvae pundum B duca- 
tur tangens TBF. Mox cx infinitis adlignabilibus po- 
fira quavis alia curva CGH, cujus ordinata GBK 
tranfeat per pundum B prioris curvse, & normalis 
ejufdem fit reda G L, fiat femper ut LK:KG ita_. 
TF: RN axi AD ordinatam e diredo pundi G, pa- 
tet hinc oriri curvam M N O femper variam pro va- 
rietate adfumtae curvae CGH. Nunc vero differentiae 
quadratorum RN, CD ponatur aequale quadratum.. 
RS, prodibit inde curva HSV; Denique fpatiuiiL. 
RSV D eidem DC adplicatum det latitudinem RX, 
orietur curva DXZ propefitae ABC aequalis. Eflo 
enim C D ~ a y CK = x» KGrtjr, CB = v, FT 
zz t , RX = z, R S = / * erit ex conftrudione L K : 
K.G , adeoque & dy : d x ~ t : V (aa 4- / / ) quare^» 

dyW 
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d yV [ a a +-s t]zzi d x \ Cum autem fit t: a zz dv:dx , 
erit tdx zz a d v , adeoque advzzdy\\aa+-is ]. 

Sed ex conftruftionc fumma sdy zz z , proindequo 

a 

zzdz, erit ssdy 2 zz dz 2 , & rrdy 2 ■+- a a d y 2 
a au a a 

• • t 

zz dz 2 -*-dy 2 , fcu d yV ( t r -t- a a) zz V (d z 2 - 4 -<fy 2 ] 

a 

five ijVfi/i 2 -*~dy 2 ] zz </jV[« 44 -n], oportet ergo 

V ( d z 2 +-dy 2 ) fcilicet elementum curva: DX effer: dv t 
& curvam DX = CB = t/. _ 

Alio modo. Ponatur A B zz BC, & ducatur OO. 

re<Ba AC, cujus dimidio fit zz AD, duftaque DH 
axi AB parallela fit ad axtm DH curva DF, cujus 

ordinat* EF fint quartae proportionales poft ET, 

# • . 

EG, & AB. Efto nunc OR = \ -^ F O 2 , fpatium 

ODR quadrari poterit, uti & FDO, itidem qua- 
drari poterit fpatium . R D A E , & fadia AL = AC, 
dultaque LKN axi AB parallela , quadrabile fiet & 
fpatium NLDR. Spatio auttm KlDR fit aequalo 
re&ang. CBM, & fpatio R D A E aquale reflang. 

ABP, fi ducantur refiae MQ^, QP jpfis AB, BC 
parallelae, quae conveniant in pur.flo Q, erit curva_# 

BQ^ aequalis datae curvae AS. Sit enimvero AE = x, 

EG r: y , AB— i , EF = a, KR=Va — V2 — Vzs 

2 2 

zz », ER - V 2 ■+- Vzzzz m 9 E K , vel AC zz p zz 
2 2 

V2, BM zz v y BP=r; Eft quidem dx : dyzz 1 : z, 

& zz : 1 zz dy 2 : d x 2 , unde +. 1 : 1 3 dy 2 -f- 

dx Z : d x 2 ; Et quoniam KRDL — CBM, fcilicet 
• • Z 2 fumma 
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fumma ex ndx— v, erit ndxzzdv, & i: nnzz d x 2 :dv 2 t 
quare zi-hi : nnzz dy 2 -t-dx 2 : dv 2 • Item ob RDAE 
~ A B P, videlicet fumma ex mdxzzr y erit mdx zz 
dr » & 1 immzzdx 2 : d r 2 , unde zz-t-l : mmzz dj 2 
4 -dx 2 : dr 2 . Quoniam vero dv 2 : d x 2 zz nn : t » 
& d x 2 : d r 2 zz 1 : mm» erit </t» 2 : d r 2 zz «« : mm y 
& d r 2 : d r 2 +- d v 2 zz m m : mm +-nn . Itaque z. z. 

+■1:12 jy 2 4- d x 2 : d x 2 , I : nnzz dx 2 : d v 2 j 

i 2 2 2 

nn : mm zz dv : d r , «» : mm+-nnzz dr : dr +• 

dv 2 » quare ex tequo 4 - 1 : mmsz </y 2 -*-dx Z • 

</r 2 -*-dv z • Sed zz 4 -i = mm+-nn y nam m z. 4— 

' V 2 

V z 1 unde mmzz zz 4— z 4- 2, & »zV: — V2 — 

2 24 2 

z y unde nnzz zz — 24 — 2 » adeoque mni-t~nnzz zz 

V 2 2 4 

4 - 1 1 ergo d y 2 4 — d x 2 zz dv 2 +-dr 2 . 

SCHO L. 

^03. Hic adnotafTe juverit Virum plane fummum_. 
GUIDONEM GRANDUM dum in Theoremate^ 
44. & 20. fecundae Appendicis ad quadraturam circu- 
li , & hvperbolse ftudet hujufmocfi problema enodare y 
curvam exhibere longitudine quidem aequalem propofi- 
r* , fed fpecie nbn diverfam; quae enim ex ejufdem me- 
thodo profluit curva una eademque efl cum propofita , 
ut idem Vir Cl. fatetur in refponfione Apologetica ad 
obje^iones Cl. MARCHETTl» ubi elegantem proble- 
matis folutionem alfert . Quod autem juxta methodum 
ejufdem GUI DONIS GRANDI» quae profluit cur- 
va fit 
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va fit plane eadem cum propofita , fic demonfirari po- 
tcft. Efto curva data ABC, quae ad axem A E refe- 
ratur »i& fit AD = x, DB=rj. Ducatur per verticem 
A datae curvae refla A G ea quidem lege ut EG : EA 
re 2« : Mn — i * ad quam ex punflo B demittatur nor- 
malis BN. Si punflum G cadet inter E, & C, erit 
ANs — i)x , & BN = («« — i)y — mx, 

n n +- i n n-t- i 

Sed per Theorema 14. ejufdem GRANDI elTe debet 
HM = 2 »j-t-(«« — i)*, & M L =(««—. 1 )y — 2 n.v , 

n n •+— I ««•+-! 

erit ANs HM, & BN = LM, proindeque figura_. 
HLM fimi Iis , & aequalis figurae ABN, quare arcus 
HL' idem plane erit cum arcu data: curvae AB. 

Quod fi punflum g cadat extra punfla E, C, 
& quidem ad eam ab hifce diftantiam , ut pofita_. 
Hg : EA= 1: m, normalis B n demiffa in rtflam A g 
cadat in partem curvae convexam , erit An = j — nx , 

g 

qua:, fi normalis B« cecidiflet fuper Ag ad partem cur- 
vae concavam, pariter fu i liet =z nx—j. Sed utroque 


cafu fit B »=: ny+-x, pofita g =: V(mm+-i) , quem- 

g 

admodum vult GR ANDUS; Poftulat vero praediflurn 
Theorema 20. ut HM fic=: y — nx , & LM=: «y-t-x» 

g ' g 

quare erit HM= A«, proindeque figura fimilis erit, 
& aequalis figurae ABN, & arcus HL squalis & fimi- 
lis arcui BA, unde curva HL convexa erit ad axem.. 
HM, perinde ac AB c(l convexa relate ad axem Em. 

' PROBL. CXI. 

304. Invenire naturam curvae, in quam fe compo- 
nit catena ABC *x punftis A , C libere fufpcnfa . 

Z 1 Certum 
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is* 

Certum efl particulam A a infinite parvam in_. 
hoc fitu a duabus viribus detineri , quarum altera eft 
pondus ipfius catenae AaB perpendicuiaritcr trahens 
per directionem AL, altera vero quaedam vis conltans 
a homontaliter trahens per dircCtionem AG, vel B F . 
Si enimvero llacuatur clavus in punCto B loco alterius 
partis BC, vel in eodem pun&o manus adponatur tra- 
hens per direftionem Bb’ in litu luo «que conliltet ca- 
tena, five incipiat a punCto A, live ab a . Pofita ergo 
BH = x, HAr j, arcu AaB, live catenae pondere 
z, erit z:a~ dx:dy, quare dj~ udx quae elt 


•• - z 

quaefitae curvae aequatio , Quoniam vero i z eft =: V 
( dx 1 )» erit dz =: dxV(aa-t-zz) & zdz =5 



• JxV(aa-*-zz)> & dx = zdz(na+-zz) 2 , quar^. 
x — V (aa+-zz) ut conflabit in calculo integra/i, 
utque condat ex differentiis in utroque aequationis 
membro fumtis, foret fiquidem d x tz zdz i 

V (aa +- z z) 

unde xx— aa+-zzi & zztrxx— hoc c It z V 
[xx— ua] ; ac proinde dy~ a d x. 

V [xx*— aa ] 
COROLL. T. 

•305. Ubi z =3 o, fit x rr a , & origo ipfarum x di- 
dat ab infimo catenae punCto B quantitate a . Si x =3 
2 *, fit z— V iaa , ubi z = a , fit zaa 'sz xx— zzk. , 
. & x zz z V 2 . 

COROLL. II. 



306. Si fuerit hyperbola cequilatera B&E, cujus cen- 
trum C , pofita BC — a s C K z: x , erit Ki = V 
[xx— aa] zz z , eftque M6 iCK-xzBMs 

V[zz 
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V(zz-*-aa) t ergo zz,-*-aa =5 xx; &d ~ B^-t-a*, 
quare B a zz z zz K£,undcL ordinata hyperbolae zz 
curvae B u . > 

PROBL. CXIU ;■ •/. 

.307. Invenire vim centralem in qualibet curva . 

Edo curva AEa ~ z-» in cujus tangentem ED 
dufta fit,ex centro virium C perpendicularis CD = p» ~ O A 
.Agatur etiam re&a O infinitae proxima ipfi CE, quae * *£• O 4 * 
occurrat tangenti produfis in pun&o e , erit vis cen- 
tralis V proportionalis ipli ac, fumto dementari tem- 
pore motus d t conftanti , hoc clt 55 1 . Sit aureett E C 
zz. x, efi quidem tempus ut area circa centrum C de- 
fer! pta , adeoque dt ut fe&or CEA, vel ut ejus du- 
plum =: pdz, dudoque radio circuli ofculatoris /E R 

zz R , & ab parallela ipli CD, fiet abzz dz . Cum 

2 R 

t itaque fit p: x — [CD : CE, vel Ctf,fivc CeJ ab : ac, 
nempe ut d z Z : V , erit V — xdz" , five zz xppdz 2, 

2 R 2fR T ipppK 

Sed pdz zz r, unde ppdz 1 zz ,i , adeoque V =; 
x ; Scilicet in omni curva vis centralis cft iti ra- 

‘ zpppR * . • • ' 

tione direda diftantiae x a centro Virium , & recipro- 
ca radii - ofculatoris r , ac reciproca triplicata norma- 
lis p ex eodem centro deHii flari '• r ‘ • ' . '*• r 

Aliter. Sit AEa «orbita a mobile deferiben- 
da, & punfium C centrum virium , E a arcus infinite- 
fimus curvae , & E e ejus tangens in pun&o E , ad 
quam ex punfto C ducatur normalis CD, & agatur 
. re< 9 a CA , quie, producamur ufqoe ad punflum c occur- 
fum tangentis, doftaque EF normali ipfi Ca , & ab*. *'• - */ 
parallela ipfi CD, patet quod fi ER fuerit radius ~ 

. ofculi in E, etunt tres ER, Ea, ba cpntinue propor. 

■ ; tionales , 


Dlgilized by Google 



184 

tionalcs, adeoque bazx Ea 2 , & ob fimillt. triang. cba. 

& a DC> vel EDC, erit eazx EC. Ea , atque ea cft 

ER.DC 

ut vis centralis V, & quadratam temporis conjun&im , 
tempus autem ut reflang. Ea. DC, quod cft duplum 
Triang. E Ca y quare cum fit V ut ea dire&e, & qoa- 
' f . . dratum tempotis reciproce, erit V ut EC . Ea dire< 3 e, 

ER.DC 

& E a z . DC 2 reciproce, hoc ell Vs E C es 
1 ER.DC 3 

ix . ■ 

rppp ' . 

— • Alio modo. Sit EF s dy. Ea =3 d t , ceTe- 
ritas mobilis fuper curva in E = c, erit per nuper de- 
monftrata cc zs Vrdy ; Jam vero cum celeritas mobilis 

d t 

fit direfle ut fparium percurfum E a~ds & tempus re- 
ciproce, quod eft ut 2. triang. ECF =: xdy> erit cc 

zz d t 1 = VRi/j vtl V s d / 3 , adeoque fub- 

x x d y 2 ^ s R x x d y^ 

• ^ * ") ' '* « '* . • 

ftituendo loco d si , & dy ipfarum proportionales 

xxx, & pfpt fiet V zx x. 

J.'- - e Rppp 

. probl. exirr. 


Fig. 85 


308. . Super radio CB quadrantis circuli AEB fit 
femicirculus CDB, & dbflo quovis radio CE ponatur 
, arcus A E ad arcum RF in fubdupla ratione, duftaquc 
FD axi AC parallela centro C intervallo CD deferi- 
- batur arcus DH occurrens in ponflo H radio CE, & 

hoc 
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hoc fempdr fiat, habebitur AHC tranfiens per omnia 
punfta H, quae fi circa axem AC rotetur curvam fu- 
perficiem progignet . Quaeritur intentio luminis in C 
pofiti in quovis punfto ejufdem fuperficici . 

Ponatur CB =; i, CD, vel CH =: x*, erit CG 

=3 *•*, cjufquc quadratum — x 4 , & quadratum ipfius 

GF ~ i — j Efi autem elementum CG = ixdx ad 

elementum arcus 2> F = FG:AC = V[i — x 4 J : i « 
quare elementum praedifli arcus =: zxdx> & cie- 

V[r— x 4 ) 

mentum fubdupli arcus AEs xdx* At cft EC : 

V[i— x 4 ] 

CA [== i:x] ita elementum arcus A E ad elementum-, 
arcus concentrici radio CH dcfcripti > fcllicet. binis 
ramis infinite proximis intercepto prope pun&um cur- 
vae H, quod quidem elementum s xxdx % ejufque 

V(i-x 4 ) 

quadratum s x 4 dx 2 , addito quadrato elementi CH, 



feu dx 2 t fiet quadratum elementi curvae CH=e rfx 2 , 

. , i— x 4 - 

& ipfijm elementum curvx= dx r; KO, eadem. 

V(i— x 4 ) 

que ad KP (— xxdx ) = i : xxj Sed intentio 

• . . . V ( I — X 4 ) 

luminis in O ad intentionem ejufdem in A rationem 

habet tcnmpofitam ex AC 2 : CO 2 (r= r :xx) & ex finu 
ang. KOP ad finura totuw = KP : KO=; xx : i, qua- 



i86 

rc intentio in ponflo O ad intentionem in A rationem 
habet ex reciprocis compofitam, feu aequalitatis i : t . 
Ac proinde lumen in B polituro eadem intentione illu- 
ftrabit fup.crficicm curvam cx. rotatione curvae AtiB 
prodeuntem . 

PROBL. CXIV. 

309. Cadat mobile ex A verfus centrum gravium C, Sc 
iit A DE fcala temporum integrabunt, AGK fcala velo- 
citatum, invenire rationem vis centrifugas ad vim gra- 
vitatis in punflo B, pofito quod in eodem pun&o ve- 
locitate ex cafu A B concepta mobile circulum BL ra- 
dio C B deferiptum deferibere cogatur. 

Sit abfciff3 communis ABax, ordinata BK 
sc v> ordinata BD— t , & AC —a; Ducatur etiam tan- 
gens DT ad punflum D, & ipfi BD infinite proxima». 
bd, & d F, GH axi parallelae. Patet ex mechanicis, 
quod mobile tempore cafus BD aequabiliter percurre- 
ret fubtangentem B T, adeoque tempore FD ~ dt per- 
curreret aequabiliter fpatium d F, feu bB— dx eadem», 
velocitate BK= v; polita itaque BMz: Bbzz dx> dufta- 
que ufque ad circulum ML axi parallela, quoniam tem- 
pore dt mobile percurreret in tangente, ve! in circum- 
ferentia fpatium BM, feu BLzz dx, vim haberet cen- 
trifugam, quae per ipfam ML exponeretur & eft ML 

~ BM 2 , proindeque rs dx 1 . At fi mobile pergeret 

2BC 1 2 a — 2 x 

moveri in. TCiBa BC, eodem tempore d t velocitate v 
jam adulta conficeret utique aliud fpatium — dx, fed 
agente gravitate, &_ fubtniniflrante incrementum velo- 
citatis naftentis dv efficeret fpatiolum dimidium quar- 
tae proportionalis ad v y dv y & dx; nam ut aequabiliter 
tempore dt velocitate v fit fpatium //x, velocitate dv 
fieret aequabiliter fpatium proportiona liter minus nem- 
pe dxdv . Verum, quia non totum incrementum dv ab 

initio 
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initio temporis viguit m mobili, fed paulatim acquificuro 

fuit, fieret dumtaxat-- talis fpatioli; Itaque fpatiolum 

ab applicatione gravitatis genitum efi dxdv j huic 

2 v 

autem proportionatur vis ipfa gravitatis ; ergo vis 
centrifuga in circulo BL ad vim gravitatis in diftan- 
tia hC = d x 2 :d x d vzz vdx : (a— x) dvzz vdx : 

2 U — 2X2 V dv 

a — x , ut fubtangens fcalae velocitatis B C ad diflan- 
tiam centri . 


FINIS. 
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